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Abstract. We study the gradient flow lines of a Yang-Mills-type functional on 
the space of gauged holomorphic maps W(P, X), where P is a principal bundle on 
a Riemann surface E and X is a Kahler Hamiltonian G-manifold. For compact E, 
possibly with boundary, we prove long time existence of the gradient flow. The 
flow lines converge to critical points of the functional. So, there is a stratification 
on H(P,X) that is invariant under the action of the complexified gauge group. 

Symplectic vortices are the zeros of the functional we study. When E has 
boundary, similar to Donaldson's result in Don92], we show that there is only 
a single stratum - any element of W(P,X) can be complex gauge transformed 
to a symplectic vortex. This is a version of Mundet's Hitchin-Kobayashi result 
MiROO on a surface with boundary. 
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1. Introduction 

J-holomorphic maps have been important objects in symplectic geometry since 
they were introduced by Gromov ([Gro85]) in 1985. In an equivariant setting, these 
generalize to gauged holomorphic maps. Let G be a compact connected Lie group 
acting on a compact Kahler manifold (X, uj). We assume the action is Hamiltonian 
and has moment map <!> : X — > q* . The G-action preserves the complex structure 
on X. A gauged holomorphic map from a Riemann surface X to X is a pair (A, u) 
consisting of a connection A on a principal G-bundle P — >■ X together with a holo- 
morphic section of the associated fiber bundle P(X) := (P x X)/G. The complex 
structure on P{X) is given by the complex structure on X and X and the connec- 
tion A. The space of gauged holomorphic maps 1-L(P,X) has a formal Hamiltonian 
action of the group of gauge transformations Q{P). The moment map is given by 
*Fa + ${u), where Fa is the curvature of A. The functional 

H(P,X) — »■ R 

(1) 

given by (A,u) h-> \\*F a + $>(u)\\ 2 L2 

is the square of the norm of the moment map. In this paper, we study the long-time 
existence and convergence behaviour of the gradient flow trajectories of ([I]) 

If X is a compact Riemann surface, possibly with boundary, the gradient flow 
lines of ([I]) exist for all time. If X has boundary, the flow equations are solved under 
the condition *Fa + 3>(u) = on <9X. 

Theorem 1.0.1. (|3.0.2p Suppose X is compact. The gradient flow for the functional 
CO) exists for all time. (A t ,u t ) G C° oc ([0, oo), H 1 x G°). There is a family of gauge 
transformations gt G H 2 {Q) so that gt(Af,Ut) is smooth on [0, oo) x X. 

We view this theorem as an infinite-dimensional version of the set-up in [Kir84|. 
On a compact Kahler manifold with a Hamiltonian G-action, Kirwan describes the 
Morse strata of the norm square of the moment map. A compact Lie group has a 
complexification Gc, which is a complex reductive group. Since X is Kahler, the 
action of G extends to an action of Gq. The Morse strata are Gc invariant. 

When X C F n is a projective variety and Gc acts linearly on it, geometric in- 
variant theory (GIT), developed by Mumford [MFK94J, gives a way of defining 
quotients. Let A(X) be the co-ordinate ring of X, and A(X) c be the subring of 
Gc-invariants. A(X) Gc is finitely generated because Gc is reductive. The associated 
projective variety Xj /Gc is the GIT quotient of X. A point x in X is semi-stable if 
there is a Gc-fnvariant homogeneous polynomial / with positive degree that doesn't 
vanish at x. The semistable locus of X ss is Zariski-open in X. An important result 
of Mumford is that, as a topological space Xj /Gc — X ss / ~, ~ is the orbit-closure 
relation on X ss given by: x\ ~ X2 iff Gc^i PI Gc^2 PI X ss / <j>. [Kir84| shows that 
the open Morse stratum coincides with X ss . If the stabilizers of the G-action on 
<& -1 (0) are finite, then the inclusion 

$ -1 (0)/G-> X ss /G c 
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is a homeomorphism. [Kir84] also gives an algebraic description of the other Morse 

StjPcltcl. 

The work of Atiyah and Bott[AB83] introduces the above ideas in the infinite 
dimensional setting - on the space of connections A on a principal bundle over a 
Riemann surface. This space is equivalent to the space of holomorphic structures 
on an associated complex vector bundle. There is a stratification of this space by 
considering the Harder-Narasimhan filtration. The stratification is preserved by the 
action of the complexified gauge group Q<c- The lowest stratum consists of semi- 
stable bundles. For a bundle E, semi-stability means that for any holomorphic 
sub-bundle E\, 

ciCgo) < gXg) 
rank(Ei) ~ rank(E) 

On the differential- geometric side, there is the Morse stratification of the Yang- 
Mills functional. The Narasimhan-Seshadri theorem ( |NS65| ) says that, in these 
two stratifications, the open stratum is the same : 'every stable bundle admits 
a Yang Mills connection that assumes the minimum value of the functional i.e. 
*Fa = 2irici(E) J 'rk(E) .' Donaldson gave a diffeo-geometric proof [Don83] of this 
theorem. Daskalopoulos [Das92] and Rade [Rad92] proved that the algebraic and 
Morse stratifications agree. Rade's approach is to show that the gradient flow lines 
of the Yang-Mills functional are continuous and converge as t — > oo. 

We use similar techniques as Rade [Rad92] to show the existence of flow for (pQ). 
The main point of difference is that our flow problem involves u which is a map to 
a compact Kahler manifold. While solving the flow equations, we assume that u(t) 
is in C°, but in the time direction, we assume its regularity is in a Sobolev class. 
We have to address some issues in defining such a mixed space. The reason why 
it's necessary to have Ut in C°, is because the perturbative lower order terms in the 
parabolic flow equations involve composition of functions, and we need ut £ C° to 
use these results. [Don85 gives a simpler way of obtaining flow lines, albeit modulo 
gauge. But this approach doesn't work for us because of the non-linear moment 
map term. However, after showing the existence of flow, we adapt the technique in 
|Don85| to show that our flow is smooth in time and space directions modulo gauge. 

Similar Morse-theoretic ideas have been applied to the space of holomorphic vector 
bundles equipped with some extra data. For example, Wilkin [Wil08j studies the 
space of Higgs pairs (A, (f>), where A is a connection on a complex vector bundle 
over a Riemann surface, and <fi £ Q 1,0 (E) such that 3a4> = 0. With a standard 
choice of symplectic structure, the action of the gauge group action has moment map 
Fa + [0)0*]- The paper shows that the Morse stratification of the L 2 norm of the 
moment map corresponds to a holomorphic stratification. A Higgs pair corresponds 
to a GL(n, C) connection, so the problem of studying the gradient flow in this case, 
is reduced to the gradient flow problem on the space of connections. 

We prove the following result on the convergence behaviour of the gradient flow 
lines: 
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Theorem 1.0.2. There exists a sequence ti — > oo, a sequence of gauge transforma- 
tions gt € Q H i and a pair (j4oo,^oo) € A{P)h2 x r(E, P{X))qi such that, 

(a) gi(A u ) -> weakly in H 2 

(b) If S doesn't have boundary, giU^ Gromov converges to a nodal gauged holo- 
morphic map with principal component Uoq. Let Z CS be the finite bubbling 
set. In compact subsets ofT\Z, giu^ — > Uoo in C . 

(c) If S has boundary, giu^ — > Moo in C 1 - there is no bubbling. The limit 
(AoojUoo) is in the complex gauge orbit of the flow line (A t ,ut) 

(d) (AoojUoq) is a critical point of the functional ([T]). 

The stronger result in the case of a surface with boundary can be compared to 
Donaldson's result on Yang-Mills gradient flow. On a two-dimensional base manifold 
with boundary, it says that any connection can be complex gauge transformed to a 
flat connection - there is no semi-stability condition involved. 

Gauged holomorphic maps that satisfy Fa, u = are called symplectic vortices. 
These have been studied in [JTgQj . |Bra90j . |CGS00j . |CGMiRS02j . [Z306] etc. An 
important motivation for studying the functional (H|) is to obtain a holomorphic 
description of the moduli space of symplectic vortices. [JT80] (theorem 1.1 and 1.2 in 
chapter 3) gives a classification of vortices on C with target manifold X = C, with the 
linear action of S 1 . [Bra90j considers the case when S is a compact Kahler manifold 
and X = C. They give a stability condition on the space of gauged holomorphic maps 
which ensures that there is a vortex in the Qc orbit - this is a Hitchin-Kobayashi 
correspondence. Mundet's work [MiROO] generalizes this correspondence to non- 
linear G-action. He takes X to be a compact Kahler Hamiltonian-G-manifold and 
gives a stability criterion. Our heat-flow approach to the problem can give a complete 
stratification of H - i.e. H can be decomposed into subsets according to the critical 
set a point flows to via the gradient flow. Part (c) in theorem 11.0.21 can be seen as 
a version of Mundet's result for a Riemann surface with boundary. 

An application of this result (on surfaces with boundary) is that it can be used to 
obtain a semi-stability criterion on holomorphic maps on C to X - this determines 
which maps on the trivial bundle over C have a symplectic vortex in their complex 
gauge orbit. This generalizes the result of [JT8 0] - in |JT80] the target manifold is 
C with a linear S^-action, whereas our result will be for a compact Kahler manifold 
with Hamiltonian G-action. This application will be presented elsewhere. 

This paper is organized as follows: section [2] describes connections, gauged holo- 
morphic maps etc. Section [3] proves theorem II. 0.11 - the long-time existence of 
gradient flow and its regularity properties. Section [4] discusses the convergence re- 
sult theorem 11.0.21 Sections [5] and [6] carefully describe the Sobolev spaces and their 
properties used in section [3j 

Acknowledgements: This paper is part of my PhD thesis. I am grateful to my 
advisor Chris Woodward for his support, encouragement and guidance. 
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2. Preliminaries 

2.1. Hamiltonian actions. Let (X, u) be a compact Kahler manifold. This means 
that (X, oj) is a symplectic manifold, alongwith a compatible almost-complex struc- 
ture J : TX — > TX that is integrable. 

Let G be a compact connected Lie group acting on X smoothly. We assume 
that the action is Hamiltonian, i.e. there is a moment map $ : X — > g*. $ is 
equivariant and satisfies t(£x)w = d(3>,£), V£ G g, where £x € Vect(X) given by 
the infinitesimal action of £ on X. Since G is compact, g has an yl(i-invariant metric. 
We fix such a metric and identify g with g* and so the moment map is <I> : X — > g. 
We also assume that the action of G preserves J. 

Consider the gradient flow lines of the functional / = /i) on X. The Rie- 
mannian metric we use here is g := u>(-, </•). 

Proposition 2.1.1. grad||/x|| 2 = —J/jl(x)x 

Proof. For v € T X X, 

(giad f,v) g = (dfi(v),n) s = t>n(x) x u(v) = (v, - Jfi(x) x ) g - 

□ 

Next we describe Gc-the complexified Lie group of G. Let gc denote the complex- 
ified Lie algebra g @ iq. Then, 

Proposition 2.1.2. ^[HocGS , p205) For a compact connected Lie group G, there 
exists a unique connected complex Lie group Gc, with the following properties: 

(a) its Lie algebra is gc- 

(b) G is a maximal compact subgroup of Gc ■ 

On a Kahler manifold the action of G extends to a unique holomorphic action of 
Gc (see |GS82j ). Since the gradient of |||/x|| 2 is J/j,(x)x, the gradient flow preserves 
the Gc orbit. So, the semistable stratum - which is the open stratum of this gradient 
flow, is Gc invariant. 

Proposition 2.1.3. A Gc orbit has at most one G-orbit on which \i = 0. 
Proof. The map 

(2) Gc ->■ G x g (k, s) so that g = ke ls 

is a diffeomorphism. For semi-simple Gc, this is shown in [Hel62], p 214. The result 
is true for any G because of the decomposition G = Z{G) x G s , where Z{G) is the 
center of G and G s is a semisimple subgroup. 
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Suppose fj,(x) = n(gx) = 0. Since g = ke ls , where k G G and s G g, we can 
assume g = e ls . For < t < 1, 

-^(e its x),s) = (sx(x),s x (x)). 

So, = for all points on t H> e* is x which means x = e lts x. □ 

2.2. The space of connections. Let (X, j) be a Riemann surface and P — > X a 
principal G-bundle over it. A connection A on P is a g- valued 1-form on P that is 
G-equivariant and satisfies A(£p) = £ for all £ G g. *4.(P) is the space of connections. 
It is an affine space modeled on J1 1 (E, P(g)), where P(g) := (P x g)/G is the adjoint 
bundle. A connection A defines an exterior derivative oIa on fi*(X!,P(g)) 

d A i :=d£+[AAZ]. 

Locally this means, in a trivialization of the bundle P(g) on a neighbourhood U a C 
X, suppose A is given d + A a , A a G ^([T^g). Then (cU£)a = ^ + ^ A £]. On 
the vector bundles f2 fc (X, P(g)), there is an inner product defined using the Hodge 
star on X and the Ad- invariant metric on g. d A extends to an exterior derivative 
d A : ft fc (X,P(g)) Sl fc+1 (X, P(g)). Its adjoint is d* A = - * cU*- Then, the Hodge 
Laplacian is defined as = d* A d A + d A d* A . 

The curvature F A G r2 2 (X, P(g)) of a connection A is 

F A := dA + ^[AAA}. 

The operator d\ is a tensor on X and it satisfies g?^£ = [Fa, £]. The curvature varies 
with the connection as 

t 2 

F A +ta = F A + td A a + — [a A a]. 

A gauge transformation is an automorphism of P - it is an equivariant bundle 
map P —> P. It is a section of the bundle (P x G)/G, where G acts on itself by 
conjugation. The group of gauge transformations Q{P) acts on A(P) by pullback. 
In a local trivialization, a gauge transformation can be seen as a map U a — > G. For 
a connection d + A a on U a , the action of g G Q(P) is given by 

g(A) a = (dg)g- 1 +gA a g- 1 . 

Differentiating, we see that the infinitesimal action of £ G r(X,P(g)) on A is c?aC- 
Under the action of g G G(P), the curvature transforms as F g r A ) = gFAg" 1 ■ ■MP) 
can be equipped with a symplectic form - for a, b G = ^(X, P(g)) 

(a,b) h-> / (a A6) g . 

With this symplectic structure, the action of the gauge group is Hamiltonian. The 
moment map is A h- > *Pa- The L 2 -norm square of this moment map is the Yang- 
Mills functional. 



YANG-MILLS HEAT FLOW ON GAUGED HOLOMORPHIC MAPS 



7 



A(P) has a complex structure: J A : TA — > TA given by a 1— > *a. A(P) is an 
affine space and J A looks identical at any A, so it is integrable. It is also compatible 
with the symplectic structure, giving A a Kahler structure. The action of Q extends 
to an action of the complexified gauge group Qc := T(P Xq Gc), where G acts on 
Gc by conjugation, (details in subsection 13.2. 1 

In this case the norm square of the moment map is the Yang-Mills functional 
A i-> 1 1 Fa 1 1 2 2 Analogous to proposition I2.1.l( the gradient of this functional is 
-J A d A {*F A ) = d* A F A . 

2.3. Gauged holomorphic maps. A natural way of generalizing J-holomorphic 
curves to the equivariant setting is to consider G-equivariant maps from P to X, 
where P is a principal G-bundle over S. In this work, we think of an equivariant 
map from P to X as a section u : S — > P(X), where P(X) := (P x X)/G is an 
bundle over £ with fibres isomorphic to X. But 'holomorphicity' depends on the 
choice of connection A on P. A connection A on P gives a splitting TP(X) = 
7r*TS © T vert P(X). This, and the complex structure J together define an almost 
complex structure J a on P(X) := (P x X)/G. This is actually a complex structure 
because for dimS = 2, there are no integrability conditions, d^u = means that 
u : £ — > -PpO is holomorphic with respect to J4. That is, Oau := + J^dnoj). 
A gauged holomorphic map is a pair (A, it) that satisfies 8au = 0. 

Remark 2.3.1 (Integrability Conditions). : The Newlander-Nirenberg theorem says 

that on a vector bundle, an almost-complex structure &a is a complex structure if 

and only if d\ = or i^}' 2 = (See |AB83j p.555 or | DK90j theorem 2.1.53). On a 

2-dimensional base manifold, this condition is vacuous. This result on vector bundles 

applies to principal bundles and their associated fibre bundles also. This is seen as 

2 

follows: Suppose G C U(n). Let E = P Xg C n . If d A = 0, it gives a holomorphic 
structure on E. The frame bundle Fr(E) of E is a GL(n,C) bundle on S. A local 
holomorphic frame gives a holomorphic section on Fr{E). This makes Fr{E) a 
holomorphic bundle. Since Pc := P X G Gc is an almost-complex submanifold of 
Fr(E), it is a complex manifold. The fiber bundle P{X) is also holomorphic with 
respect to dj A - P(X) can be written as P(X) = Pc X(j c X. Holomorphic sections 
on Pc give holomorphic sections of P{X). 

r(S,P(X)) is the space of smooth sections of P{X). It is an infinite dimen- 
sional Frechet manifold whose tangent space at u is T u = T(T,,u*T vert P(X)). It 
has a symplectic structure (£1,^2) ^ ^x(£i, £2)- The gauge group £/(P) acts 
component-wise on -4(P) x T(P(X)) - (A,u) A (g(^4), gu). Under the product 
symplectic structure, this action is Hamiltonian with moment map 

(A, u) ^ *F A + u*3> =: *F A , U 

Fa, u is defined to be Fa + u*&dvolj;. Since, $ is G-equivariant, it induces a map 
P{X) -> P(g), which is also denoted So, F A , U G ^ 2 (S,P(g)). 
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Since both E and P{X) are complex, so is the space T(S, P(X)). The complex 
structure is given by £ i— > JxS,, where £ G u*T vert P(X)) This is compatible with 
the symplectic structure and so, A(P) x T(P(X)) has a Kahler structure. Gc(P) 
acts component- wise on (A,u) and this action is holomorphic. 7i(P,X) also has a 
Kahler structure because it is a subspace of A(P) x T(P(X)) whose tangent space 
is closed under action «/4 X r(P(A)) : 

• Consider (a,0) G Ta, u H(P,X) - that means a u (jv) = Jxa u (v) for all w G 
Veci(£). The same condition is satisfied for *a, since *a = a o j. 

• Consider (0, £) € Ta, u %(P, -X"). Locally, u : C — > C n is a holomorphic map 
and £ G u*TC n . (0,f) G T A)U H(P, X) translates to d£ = and this condition 
will apply to i£ also. 

Notice that holomorphicity is preserved by the action of Gc- 

Analogous to the finite-dimensional case and that of A(P), we consider the 
norm square of the moment map (A, u) h > WFa^W^^)- The gradient at (A,u) 
is J (A,u)(,* F A,u)A(P)xr(P{x)) = (d* A F A,u, -Jx(*Fa, u )u)- Recalling notation, given 
£ G r(P(g)), £ n G u*T vert P(X) denotes the action of £ on the image of u, i.e. for 
x G X, <vu(x) = £(a;) w ( :r -j. The gradient flow preserves Gc orbits and so it preserves 
H(P,X). 

A useful related quantity is the twisted derivative dAU. It is the projection of du 
onto T vert P(X). Locally, this is described as follows - for a neighbourhood U a C S, 
pick a trivialization. Under this, ^4 can be written as d + A a , A a G 1 (J7 ct ,g) and u 
is given by u a : U a — > X. Then, = du a + (^4 Q ) Ua . 



3. Heat flow 

In this section, we prove the long-term existence of the gradient flow of (HJ for the 
case when S is a compact Riemann surface, possibly with boundary. The gradient 
flow equations are 

(3) Tt A = - d * AFA > u > J t u = J (* F ^ 

FA,u\dT, = 0. 

Theorem 3.0.2. ([LOU For any (A ,u ) G A{P) x T{P{X)), the gradient flow 
(A t ,ut) exists for all time. (A t ,ut) G C^ c ([0, oo), -ff 1 x C°). There is a family of 
gauge transformations gt G H 2 (G) so that gt(At,ut) is smooth on [0, oo) x S. 

In section 13. 1( we prove the existence of unique flow lines, and in section 13. 2^ we 
show that (A t ,ut) is smooth modulo gauge. In this part of the paper, we don't 
require (Aq,uo) to be holomorphic. 
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3.1. Existence of trajectories. If (A(t),u(t)) are solutions of the system ([3]), then 
F A(t),u(t) satisfies 

d _, dFA d , , dA .du. , , 

^A Wl «(t) = + ^ **«>fc = d AlI + d*„(^)(fooiE 

= -d A d* A F AjU + u*d<S>(J(*F Au ) u )dvol s . 

For O-dimensional forms, d\d A = A^, which is an elliptic operator. Writing Ft := 
*F A r t ) tU (t), the above equation is equivalent to 

dF 

(4) ^ = -A A F + u*d<!>(JF u ). 

Except for the non-linear term u*d$>(JF u ), is parabolic. Roughly speaking, once 
we solve this equation in F, A t = Aq — J d* A F A ^ u and ut is obtained by integrating 
the vector field {*F A:U ) Ut . But unfortunately, A occurs in the term J* Q d* A F AjU and 
A t , ut occur in the equation in F. So, we solve the three equations and (jl])) as 
a coupled system. 

We know, if (A t ,ut) is a solution of ([3]), then (A(t), *F A u\ u (t) > u (t)) is a solution 

of 

(5) ^A = *d A F, j t F=-d A d A F + u*d$JF u , jU = JF u . 

with initial data j4(0) = j4o> F(0) = *F4 0)U0 an d w(0) = Uo- Clarifying notation - 
F G r(S, F(g)) is an independent variable in this system, F A denotes the curvature 
of the connection A and F A)U := F A + u*^dvol^ G S1 2 (E, P({j)). 

Remark 3.1.1. A solution (A, F, u) of (JSJ will satisfy *F At>Ut = F(t) 

We use Aq as the base connection, and write any connection on A on P as ^4o + a > 
where a G fi^E.Pfo)). Write « = exp U[) £, where £ G r(S, T™ rt P(X)). Then, the 
system © becomes 

—a - *d Ao F = *[a,F] 

(6) A F + Aylo F = JF M - *[a, *d Ao F] - [cf^a, F] - [a, *[a, F]] 

^C = rfexp(e)- 1 (JF U ) 

with initial conditions o(0) = 0, F(0) = *Fa 0)U0 , £(0) = 0. The advantage of writing 
the system this way is that now, a, F and £ are just sections of vector bundles over 
E. 

Remark 3.1.2. For the last equation to make sense, dexp : T U(j ^X — > T cxPu £( X )X 
has to be invertible, or that for any x G E, exp UQ ^ is a diffeomorphism in a neigh- 
bourhood of So, we ensure 

ll£llc° < in ix- 
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injx is the injectivity radius of X. This is denned as follows: For any x € X, 
mj x (x) := radius in T X X for which the exp map is a diffeomorphism. inj^ := 
inf xg x ' m Jx( x )- For a compact manifold inj^ > 0. 

To show the existence of a solution, we work in Sobolev spaces of sections of vector 
bundles. For any real r, s and a vector bundle E over £, H r ' s ([0, T] x S, E) (or H r ' s 
or H r (H s )) denotes the space of time-dependent (equivalence classes of) sections of 
Sobolev class r in time and s in space. When r and s are non-negative integers, it 
is the completion of C°°([0, to] xS,£) under the norm 

i=0 j=0 

For other exponents, the spaces H r ' s are defined by interpolation and duality. For 
negative Sobolev exponents, the elements of H r ' s , need not be almost-everywhere 
defined sections, they are just distributions. The norm ||-|| r ,s depends on Aq but is 
equivalent for any choice of connection, so that the space H r ' s is well-defined inde- 
pendent of the connection. Aq need not be smooth - if Aq € H , then we can define 
the spaces H r > s for s £ [—2,2]. Detailed definitions and properties of these spaces 
are given in section A crucial property is that : although the operator norms 
depend on the choice of connection A, if the curvature satisfies ||F(^4o)||l 2 < K-> the 
operator norms are bounded by constants dependent only on K and independent of 
A. These Sobolev spaces will be used, for example, when E = f2 fc (£, P(g)). 

Another type of Sobolev space we use is H r ([0, to], C°(S, E)) - it is the space of 
(equivalence classes of) sections that are in Sobolev-class r in time and are m 
space. This space has norm 

IMIr.C* : = su P|| £r x||fT'-([0 ) *o],B a! )- 

The way this is defined, it is more appropriate to call it C°(E, H r ([0, to], E)), but 
we call it H r (C°) to preserve our convention of having the time-index outside. This 
space satisfies the expected embedding properties, for example H r,s H r (C°) for 
s > 1, but that is not obvious because the spaces H r ' s = H r ([0, to], H S (E)) are 
defined with the time and space co-ordinates in a different order. These details 
will be presented in subsection 15.51 This space is used, for example, when E = 
P(X), where it is useful to have the norm be independent of the derivatives of 

Uq. 

With initial value F(0) € L 2 , we expect to solve for F in spaces of the type 
H2 +r, ~ 2r (see lemma [5.4.9P . We choose the following Banach space to solve the 
system (|6j). 

U(t ) = {(a,F,0\a G H 1 / 2 ^ (H 1 '^) , 

F e H l ' 2+e (H- 2 *) n H-Vi+'iH*-*)^ e H l ' 2 + e {C G )} 

e E (0, 1/12) is a fixed number in the rest of this section. For s > 1, H?(E, E) C H s 
consists of sections that vanish on the boundary of S. We will prove: 
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Proposition 3.1.3. Let Aq G H 1 be a connection on P, and uq G C°(S,P(X)). 
Then for any K > there exists a to > such that if \\Fa \\l 2 < K then the initial 
value problem ([6]) has a unique solution (a,F,^) G [/(to)- 

This proves the existence of a weak solution for all time: 

Proof of theorem \3.0.Sl By compactness of E, ||u*<3?||£2 < ||$||c*o Vol(S) < c. So, 
\\Fa\\l 2 < II-^a,-u||l 2 +c Applying proposition [3T3] with K = \\F Ao>Uo \\ L 2 + c, we 
get the flow for a time interval [0,to], with (A(to), u(to)) G H 1 x C . (A t ,ut) are 
flow lines for the functional \\F A ( t ^ u ^ ||^ 2 , with the functional decreasing along the 

flow. So, ||-FA(to),«(io)IU 2 < II^Ao^oIIl 2 ' and \\ F A(t )\\L 2 < K and so we can get flow 
for [t , 2to\. The process is repeated to get flow lines for t G [0, oo). □ 

To continue the discussion, we define some more Banach spaces. The first one 
Up(to) is a subspace of [/(to) consisting of sections that vanish at t = 0. 



U P (t ) ={(«,^0l«effp /2+€ (ff 1_2e ), 

F G H p /2+t (H- 2 ^) nH p 1/2+e (H 2 s -^),H G #J/ 2+e (C )} 
W(to) ={(a,F,0\a G H^ l ^ 2+t {H 1 ^ 2<i ),F G £T 1/2+e (#- 2e ), £ G if" 1/2+e (C )} 
* ={(ao,F ,£o)|ao G H l ,Fq G #°,£o G C } 



Notation 3.1.4. We call x := (a, F, £) and :Ej := (aj,Fj,£j). 

Next, the proof of the proposition 13.1.31 is outlined. The terms in the system © 
can be broken into 2 parts - the leading order terms and the rest. The leading order 
terms form an operator 



When restricted to Up(to), this operator is invertible. (see lemma I3.1.5P 

The terms in the right hand side of ([6]) form a non-linear operator Q : [/(to) —> 
W(to). We break up the solution into 2 parts x = x\ +X2, where xi G [/(to) satisfies 
Lx\ = 0, and 2i(0) = xo- x\ can be found uniquely (see lemma l3.1.6p . x<i G Up(to) 
satisfies 




[/(t ) -> W(t ) 
(a, F, M- (^a - *d Ao F, + A Ao )F, i)- 



Lx 2 = + x 2 ). 

H^Hw^o) can be made small by choosing small to- Since L is invertible, we find X2 
using an implicit function theorem argument. 



Denote xq h-» x\ by the operator M 




X -> C/(t ) 
(ao,^o,£o) ^ (ai,^i,Ci) 



where xi(0) = and L(ai, Fi, £i) = 0. 



12 SUSHMITA VENUGOPALAN 

We define Qi, Q2, Q3 as follows. The terms in Q are split into Q\, Q2, Q3 in a 
way that they have a linear, quadratic and cubic bound on them respectively, (see 
lemma 13.1.71) 

Q : U{t ) -+ W(t ) Q = Qi + Q 2 + Qs 

Qi : (a,F,0 ^(0,u* d<S>JF Uo ,JF Uo ) 
Q 2 :(a,F,Z) ^(*[a,F] 7 - * [a,d Ao * F] 

- [d Ao *a,F}- ((exp U0 £)*d<f>(J x F exPuo c ) - u* Q d<Z>( J X F UQ )), 

((de W trHJF cxPuo s)-JFu ) 
Q 3 : (a,F,0 h+(0, -[a, *[a, F]\, 0) 

The next 3 lemmas prove that L, M, Q are well-defined operators between the 
spaces claimed above and that they satisfy some bounds, given ||F(Ao) ||l 2 < K. The 
constants in these bounds, denoted by ck are independent of no and depend 
only on K. 

Lemma 3.1.5. L is invertible. For any K, there exists a constant ck such that if 
\\F{A )\\ L 2 <K then 

\\L~ l \\ <c K . 



Proof. In matrix form, 

L 

The operators 




« EJ -l/2+e,l-2e l/2+e,l-2e 
-:H P ^H p 

j f : H p /2+e (C°) ^ Hp 1/2+e (C°) 

have inverse J Q , which is bounded by ck using lemma [5.3.61 For 0-forms, A Ao = 
V* Ao V Ao and the operator | + V^ V Ao : g 1/2+£ '~ 2e n #-1/2+^,2-2, ^ H -i/2+e,-2e 
has an inverse with norm < ck by lemma 15.4.111 

Last, we look at *d Ao . The operator V,4 : H 2 ~ 2e — > H l ~ 2e has norm bounded by 
c K for all t G [0,t ] (using fl3TJ). This induces V^o : H-V2+e,2-2e _^ ^--l/a+e.i-ae 
with the same bound on the norm (see flsSJ)). On 0-forms, V Ao = d Ao and so 
\\*d>Ao\\ < ck- □ 

Lemma 3.1.6. M is a well-defined operator. For any K > 0, there exists a constant 
ck such that if ||F(^4o)||l 2 < K> 

\\M\\ < c K tn e . 
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Proof. By the lemma (15.4. 9p . given Fq G L 2 , the system 

^-Fr + ^d^Fx = 0, F 1 (0) = F 
has a unique solution F\ G i/ 1 /^.- 26 p ^-i/2+e,2-2e sa ti s fying 

H-^l ||jyl/2+£,-2 En ^-l/2+e,2-2 £ < Cft- 1 1 F() 1 1 #0 . 

Define ai(i) := ao + J * i^o-Fi. Then, 

11^ ^ ^l|i W -2 e <ll^llLl +e , 2 -2e 

because \\dA \\ < 2HVA0H < ck by (f2T|) and J has norm < c by lemma 15.3.61 So, 

ll Q i||l+ e ,i-2e ^ c ^(ll a o!l//i + II-PoIIho)- 

Finally, since ^ = 0, we set £1 (i) = £o> and ||Ci|| l +e c° — c ll£ollc° f° r some constant 
c. J ' □ 

Lemma 3.1.7. Let x = (a, F, £). Assume \\C\\c° ^ m Jx ( see remark Y3.1.ty) . Then, 
Q : U (to) — > W(to) is a well-defined map. It is differentiate so that dQ{x) : U(to) — > 
W(to) is a linear map for each x G S. // ||F(Ao)||i2 < K, there exist constants ck 
so that 

\\Qix\\ w < c K t$ 2t \\x\\u-, \\Q2(x)\\w < c K t$ ^WxWlj, \\Qz(x)\\w < c K tf 2t \\x\\u- 
The derivatives satisfy 

\\dQi(x)\\ < c K t\~ 2 \ \\dQ 2 (x)\\ < c K tf 2e (l + \\x\\u), \\dQ 3 (x)\\ < c K tl~ 2e \\x\\l. 
Putting them together, 

\\Q{x)\\ w < c K t l f 2 \l + \\x\\l), \\dQ(x)\\ < c K t\~ 2 \l + \\x\H). 

Proof. [a,F], [dA a, F], [a,dA F] and [a, [a, F]] are polynomials of a, F and their 
derivatives. Consider [a, F]. a G H2 +<L,l ~ 2t and F G H ' 1 by interpolation (see (|24p 
and ([37])). By the multiplication theorem ([38]), [a, F] G #~ e ~ 2e ^ #~5+ e - 2e . The 

last inclusion has norm cxt^ (|33|) - 

±-2e i-2e 

||[a,i ? ]|Li +e _ 2e ^ c **0 ll[«,^]H-e,-2e < c K tl ||a||i +eil _ 2 J|F|| ,i 
< c K tl 2< lMl|y- 

That the constants depend only on K follows from proposition 15.2.51 The other 
polynomial terms are bounded the same way. A bound on the derivatives for these 
terms is obvious : for example, 

i-2e ±-2e 

\\d[a,F]\\_i +e _ 2e <c K t$ (||a||i +e)1 _ 2e + ||-P|| Q) i) < c K t$ \\x\\u. 
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To discuss the other terms, we define a map: for any u G C°(£,P(X)), let 
X u : r(S,P(g)) -> r(S,^TX) be given by ( h> J£ u . The terms u* d<5>(JF Uo ) 
and JP U0 are obtained by the action of linear bundle maps on P. The maps are 
d§ uo o X UQ and X UQ respectively. For example, consider the first of these terms. 
d<f> o X uo G L 2 (£,P(Endg)) and the norm is independent of uq. v,Qd$>F U0 can be 
seen as the tensor product of the sections d$ uo o X uo and P. As earlier P G H > . 
Since d& o X uo is constant in the time direction, it is in H '°. By the multiplication 
theorem §E§, u* Q d<A>F U0 G H~ e ~ 2e ^ H~^ +t '- 2e . 

The remaining 2 terms - ((exp U[) £)*d&(JxF exPu ^)—UQd^( JxF UQ )) and ((dexp£)~ 
(JP e xp u £) — JFu ) require corollary 16. (J. 91 which is a result on composition of 

functions in the space P2 +<E (C°). Section [6] explains this result in detail. Con- 
sider the first of these terms. The bundle map £(x) h-> (d<3? o £(,,;) — d$ o 

^M (z)) is continuous and by corollary [6^0^91 it induces a map 

P5+ e (C0)(S,P(Endg)). So (d<^> o X exPu ^ - d<^> o X Uo ) G P5+ e ((7 )(P(End g)) and 
||d$oX exPuoe -(Z$oX uo ||i +£jC o < c^||^||i +e)C o. 

cr- is independent of Uq. By compactness of S, d$oX cxPu ^-#oj uo G P2 +e '°. Mul- 
tiplying by P G Pt ' 1 , we get the result ((exp UQ £)*d$(JxP exPuo 5 ) - JxPj) G 

norm is bounded by cjctg IMI 2 /- Similarly, for the 
second term ((dexp£) -1 (JP exPao £) - JF U0 ), 

IKdexpf) -1 o X exPuof -X U0 ||i +£)C0 < CA-||f||i +e>0 o. 

Applying interpolation, followed by Sobolev embedding (|25]), P G H~ e,1+2e 
H~ £ (C°). By multiplication theorem (|50p . 

((^exp)- 1 oI cxp ^ -X U0 )P G P- £ (C°) ^ p-i +e (C°). 

Corollary 16.0.91 also gives differentiability and a bound on the derivative for these 
terms. □ 

Now, it remains to solve 

L(a 2 ,P 2 ,6) = Q(M(a ,Po,&)) + (a 2 ,P 2 ,6)) 

for (a2,P2,^2)- To do this, as in Ride [Rad92j, we use the implicit function theorem 
in the following form: 

Proposition 3.1.8. Suppose that F : Hi — > %2 is a map of Banach spaces, and 
F = Pi + P 2 with Pi an invertible linear operator with inverse satisfying a bound 
HPf 1 !! < c, and HPP2II < l/2c on a convex open set S C Hi Then, 

(a) Pi + P2 is injective on S, and it is a diffeomorphism of S onto its image. 

(b) In addition if B$ C S and ||P2(0)|| < 5 /Ac, then there exists a unique solution 
to F(x) = on B s . 
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This is same as theorem IA. 0.111 A proof is given there. 



Proof of proposition [gTOt The initial data (ao,Fo,£o) for ([6]) can be taken so that 
||£o||c*° < injx/2- Then the construction of M gives ||£i(i)||c° = ll£o||c° < ^ n jx/2. 
In this proof, Xi will denote (oi,Fj,£i). 

We'll use theorem 13.1.81 to prove the result, taking S = {(a 2 , F%, £2) £ Up (to) : 
||6||oo < injx/2}, F x = —L, F 2 (x) := (Q 1 +Q 2 +Q 3 )(Mx +x) and c = HL" 1 )! = c K 
We have x 2 G 5 =>• ||£||co < inj^ and the estimate on Q 2 applies. Since the 
map 7r : Up (to) — > r(S,P(g)) c -o that takes (a, F, £) to £ is continuous (by Sobolev 
embedding ([35]) ). there exists 5 > such that -B5 C S. For ||x 2 || < 5, 

\\d {M x 0+X2 )Q\\ < c K tr 2 \l + \\Mxo + x 2 || 2 ) < c^tj" 4e (l + ||x || 2 ) 
To apply the theorem we need to pick to such that, 

• \\d(M X0+X2) Q\\ < I /2c, i.e. t$ 4e (\\x \\ + l) 2 < l/c K and 

• ||*2(0)|| = \\Q(Mx )\\ = c K tf 3e (\\xo\\ + 1) < S/4c K . 

Both these conditions can be met by a small enough value of to, that is dependent 
only on K. This proves the existence part of (13.1.3j) . 

Regularity Next, we prove that there exists a solution with extra regularity 
a G C°(H l ), F G C°(L 2 ) D L 2 (tf and £ G C°. This is essential to prove that it is 
the only solution in U(to). 

First, we look at (ai,Fi,£i), using remark (|5.4.10|) , Fi G C°(L 2 ) n il ' 1 . Since 
Fx satisfies (| + V^V^J^i = 0, we get F(i) - F = V^V^Fi G C°(L 2 ). 
By elliptic regularity (see proposition 15.4.2] ) , J Q Fi G C°(H 2 ). So, ai(i) = ao + 

It can be checked that proposition 13.1.31 holds with the following stronger spaces 

U(t ) = {(a, F, £)|a G m +e ^- 2e n H^' X ,F G m +t '~ 2e n £ G i/2+ e (C )} 

?7 p (t ) = {( a , F, 0|a G H],^ 1 ' 2 ' n #|'\ F G #| +e '~ 2e n tfpH £ G F| +£ (C )} 

iy(to) = {(a,F,£)|a G ff^+^n^^ 1 ^ G JT^ +e ~ 2e D flp^°, 
£ G lH+ e (C )}. 

So, there exists a solution of © in U(to). Using this, we can get improved estimates 
for the right hand side of ([6]). For example, a G H^' 1 =>■ Vi a G ffa' , By 
interpolation F G .H~4 _<E >2 +2<E . By the multiplication theorem, [V^c^F] G H~i~ 2e, °. 
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Similarly we estimate all terms in the right hand side of ([6]) to get 

j f a 2 + d* Ao F 2 G Hp- 2 ^ 1 

By lemma EXH we know F 2 G H~f 2tfi n H p ^ 2e ' 2 <-> C°(L 2 ). So, F = Fj + 

F 2 G C°(L 2 ). Also, since tf^Fs G Hp^ 2 "' 1 , a 2 G tfjT 2 '' 1 C^tf 1 ). Therefore, 
a = ai + a 2 6C ( J ff 1 ). 

Uniqueness We now prove that if x = (a,F, £) and x' = (a',F',£') are two 
solutions to ([6]) for some to > with the same initial data (ao, Fq,£q), ao G L 2 , 
F G H\ t G C°. 

a g m + ^- 2e n c ^ 1 ), f g m +e >- 2t n #-i+^-2e n c°(l 2 ), £ g F3+ e (c°) 

a' G h\+^- 2 \F' G ff5+ £ '- 2f nff4+ e ' 2 - 2e ^' G if2+ e (C°) 
(Note that G Fi+ e > 1+e C°(C )) 

Assume x ^ a/. Let ii be the largest number such that the restrictions of x and x' to 
S x [0,i] are identical. Since the solutions are in C° in [0, ti], they solve the initial 
value problem Q on E x [ii,£o] with initial data (a(ti), F(t\), Therefore, 
without loss of generality, we may assume that t\ = 0. 

We can split x = xi + x 2 , where Lx\ = 0, xi(0) = (ao,Fo,£o) and x 2 G Up (to). 
Similarly x' = x[ + x' 2 . Since M is uniquely defined x\ = x\. So, now both 
x 2 and x' 2 are solutions of Lx = Q(x\ + x) in Up (to). By Sobolev embedding, 

both £ 2 ,£ 2 G Hl +t (C Q ) ^ C P ([0,t ],C°). There exists < t < i such that 
1 1 €2 1 1 c?o ([0,t] ,C7°) anc ^ 1 1 ^2 1 1 C°, ( [Q,t] ,C?°) ^ ^ n Jx- So, the restrictions of x 2 and x' 2 to Up(t) 
are in 5. But, — Lx + Q(xi + x) is injective on S, so x 2 = x 2 in Up(t). This leads 
to a contradiction. □ 

We prove another result about the regularity of F which comes in handy in the 
next section. 

Lemma 3.1.9. In proposition \3A^ if F(0) G H 1+2e , then F G C°([0,i ] x S) 

Proof. Recall that x = (a, F, £) was obtained as the sum x = xi+x 2 where x\ = Mxo 
and x 2 is the solution of Lx 2 = Q(Mxq + x 2 ). We have 

Mx + x 2 G H^ +e,1 ~ 2e x (#§+ e ~ 2e n H-^ 2 ~ 2e ) x #i+ e (C°) 
=>> Lx 2 = Q(Mx + x 2 ) G H~ e ' l - 2t x fi-~ e '- 2e x H~ e (C°) 

The regularity of xi can be brought up to the same level and we get 

||Fl||l_ e) _2en-e,2-2e < Cr- ||F ||#i-4 e . 
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0l (t) = o + Jj *d Ao F 1 G H 1 - 6 ' 1 ' 2 ". This yields, 

x = Xl + X2 G ffl-e,l-2« x (#1-6,-2* n H ~e,Z-2e^ x #|+ e (C°) 

Repeating this process, we get 

By interpolation, F G H^/ 2 ^ <-> C°(H 1+e ) ^ C°([0, i ] x £). □ 

3.2. Smooth flow modulo gauge. Since the gradient flow preserves complex 
gauge orbit, we can write 

(A t ,u t ) = g t {A , u ) g t G Q c . 
Then the system of equations ([3]) can be written as a single equation in gt. 

(7, * r . - 

To write in terms of g^, we need some preliminaries. We follow |Don85j . 

3.2.1. Action of Qc on A(P). First we assume that G = U(n), the arguments nat- 
urally extend to general G C U(n). We work with an associated complex vector 
bundle of P. The standard linear action of G on C n will preserve a metric on C n . 
That means the associated bundle E := P xgC has a metric and this is compatible 
with any connection A G A(P). There is a bijection between the space of connections 
A(P) and the space of holomorphic structures C{E) on E. A connection A defines a 
holomorphic structure on E with d" operator given by &a '■= \{&a + Je&A ° j)- For 
the reverse direction, a holomorphic structure on E together with the fixed metric 
determine a unique connection on E (see jGH94]). This corresponds to a connec- 
tion on P because of the metric compatibility. This correspondence is described 
in [AB83] and |Don85] - where they say that after choosing a metric on a complex 
vector bundle E — > X, there is a correspondence A — > C. In our case the metric on 
E is determined by the construction of E. 

Locally this corresponds to an isomorphism 

T A A = n 1 ( e ) ^n ' 1 ( Qc ) = Tg A c 

a i— >a 0,1 = —(a + Jecl o j). 

C has a complex structure : for c G fi o,1 (0c)> Jcc = ic = co j = *c. This pulls back 
to a complex structure on A : Jj^a = *a. The complex gauge group acts on C(E). 

(8) dg( A ) = g ° d A og' 1 , geGc- 

Infinitesimally the action is £ i— > 8a£, where £ G Lie{Qc)- This is complex-linear - 
d A {iC) = Je9£,- This action pulls back to a Qc action on A(P), that extends the Q 
action. 
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For any connection, &a = *{9a)**- So, 
(9) d gi A ) = (g*r 1 od A og* 1 AeA(P),geg c . 

d g (A) = ®g(A) i s t Re unique connection on E that is compatible with the fixed 

metric and the holomorphic structure $ 9 (A) • 



For g 6 C/c, define := 5*5. Observe 



Q = {g^Qc\Kg)=g*g = ld}. 



From (|8|) and Q, g 1 odg^og = &A + h od A oh. On vector bundles, the curvature 
Fa = d\. It transforms as 



9 1 F g (A) ° g = F A + d A (h l d A h) 

= F A + h-^dAdAh - (dAh)h^dAh). 



E g (A) is also the curvature of the connection g{A) on P. 



For a general compact Lie group G, there is a U(n) into which it can be mapped 
injectively. So, we work on the bundle P C n . We look upon the space of G- 
connections on E as a subset of U(n)- connections. The group action preserves 
G-actions, because the infinitesimal action 8a(, is in S7 0,1 (gc). All the relations 
carry over to the general case. 

3.2.2. Gauge-invariant version of the flow equations. If ht = g^gt^ the evolution 
equation ([7|) can be written as 



Note that replacing g t by gth, h € Q doesn't alter ht- Also, the term g^ u\§gt is 
^-invariant - it is unchanged if changing ut to ktut and gt to gtkt- So, solving the 
above equation solves the gradient flow equation modulo gauge. For example, if we 

1 /2 

let g' t := h t , then g' t (Ao,uo) differs from (A t ,u t ) by a family kt € Q. For 0-forms 
Aa = d* AQ d Ao = *<9o<9o and so, 



From lemma [3. 1.91 we know Ft E C°([0,to] x S), so the solution g of ([7]), and hence 
h = g*g is in C°([0,io] x ll^llc is small enough that its image is contained in 
U Q Gq for which there is a holomorphic chart U — > C n . So, we may think of h 
as a time-dependent section of a vector bundle over S. Also, I assume Id in Gc is 
mapped to in C n . 

Proposition 3.2.1. If (Aq,uo) are smooth, then the solution of (jlOp ht : [0,io] ~~ > 
Gc is smooth. Hence the gradient flow (A t ,ut) computed in proposition \3. is 
smooth modulo gauge. 



dh 
~dt 



2ig*F t g 

2ih t (*F Ao + *d {ht\d Q h t )) + gt l u*t<5>g t ). 



(10) 




2ih{*F Ao + *{d h)h~ l {d h) + g^ul^gt} 



h(0) = Id . 
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Proof. The proof follows from the following 3 observations 

(a) If ht € L 2 {H S ) n H S I 2 (L 2 ) n C°, then the r.h.s of {TO} is in ^(H 3 - 1 ) n 
ij( s-1 )/ 2 (X 2 ). This is true because - if no is smooth, ^ 1-4 g^ 1 (u^)gt is a 
composition operator (here itj = gtUo). By corollary I6,0.9| it is a map from 
L 2 (iF) n H S / 2 {L 2 ) flC°4 L 2 (F S ) n H S / 2 (L 2 ). For the other terms we use 
multiplication theorem etc. 

(b) If the r.h.s. of {TO} is in L 2 (H 2s ) n H S (L 2 ), then /i t <G L 2 (H 2s+2 ) n H S+1 (L 2 ) 
by theorem 15.4. 13[ 

(c) /i t € C° implies r.h.s. of {TO} is in L 2 {H~ l ). By lemma 15.4.111 /i t G 
H l {H- l )CM 2 (H l ). 

The last observation provides the base case for induction. Using, the first 2 obser- 
vations, we can inductively prove the statement ht E L 2 (H m ) n H m l 2 (L 2 ) for any 
integer m > 0. □ 



4. Convergence 

We now consider convergence behaviour of the flow (At,ut). Theorem 14. 2. H is the 
first result of this section. There is a sequence {t{} so that connections converge 
weakly in H 2 modulo gauge, converge in the sense of Gromov, i.e in the limit, 
sphere bubbles develop in the vertical fibres of P{X). In the last subsection 14.31 we 
restrict ourselves to the case when S has boundary. Then, the limit (^00,^00) is in 
the same complex gauge orbit of the gradient flow - and so, there is no bubbling in 
the limit and the limit is unique up to gauge. 

4.1. Gauged holomorphic maps as J-holomorphic curves. As discussed in 
section [273], a connection A determines a complex structure J a on P{X). If A{ — > Aoo 
in C°°, then Jj^ — > Ja^- If (Ai,Ui) is a gauged holomorphic map, then u, is a Jac 
holomorphic curve. We may now expect that the Gromov compactness result in 
[MS04J is applicable on {ui}. In this section, we discuss the hypotheses for Gromov 
compactness in the context of gauged holomorphic maps - we construct a symplectic 
form on P(X) that tames J^, and we describe an energy functional on m. This 
can be compared to jOtt09j . who uses similar ideas to study Gromov convergence 
of vortices. 

4.1.1. Symplectic form on P{X). There is a symplectic form ojx on X and ujy, on 
E. Let Abe & C 1 connection on P. Consider the following 2- form on P x X, 

a a = ^2 w x + d(A, $). 

a a is closed, G-invariant and vanishes on the orbits of G. So, it descends to a a € 
£l 2 (P(X)) which is also closed. We write out an explicit expression for oa- For a 
point [p, x] G P(X), 

T M P(X) = (T p P x T X X)/{(S P , : e S }. 
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Using a connection A, a vector in T^ x jP(X) can be split as a pair [v, w], where 
v G T P P is in ker A and w G T X X. We first work with a a, 

&a([vi,wi], [v2,w 2 ]) = uj(wi,w 2 ) + ((dA,®) + {A,d$))((vi,wi), (v 2 ,w 2 )). 

The last term vanishes because Vi are horizontal. Further, dA = Fa — \ [A A A] and 
[%)A%)]=0. So, 

(11) <ta((vi,wi), (v 2 ,w 2 )) = u(wi,w 2 ) + (Fa(vi,v 2 ), 

<ta is non-degenerate in the vertical direction, but not necessarily in the horizontal 
direction. But, there is a constant ca (dependent on A and <£) so that 

ca\us(vi,v 2 )\ > {Fa(vi,v 2 ),®) for all vi, v 2 G TS. 

Define 

(12) UJ A := TT 2 UJ X +d(A,$) +CA7r*W E . 

This is a symplectic form on P{X). So, we have the definition/result: 
Definition 4.1.1. Let yl be a C 1 connection on P, then, 

uja ■= tt 2 ojx + d(A, 3>) + CA7r*o;s 
is a symplectic form on P(X). ca is a constant satisfying 

ca\uh(vi,v 2 )\ > \(Fa(vi,v 2 ),$)\ 
for all vi, v 2 G TS. If is a vector field on -P(X) split by A, i.e. A{y) = 0, then 

UA([vi,Wl], [v 2 ,W 2 ]) = UJx(wi,W 2 ) + (Fa(vi,V 2 ),$) + CA^ S (t>l, t> 2 ). 

It is easily seen that J a is w^-tame. Since w^-tameness is an open condition, 
connections C°-close to A also give w^-tame complex structures. This lemma proves 
it rigorously. 

Lemma 4.1.2. Given a C 1 connection Aq G A{P), there is a constant ci(Aq), so 
that for any C° connection satisfying \\A — ^lollc < c i> Ja is 0JA -tame. 

Proof. A connection A can be written as A = Aq + a, where a G r2 1 (S,P(g)). Let 
[v,w] G Vect(P(X)). The splitting is according to Ao - that is Aq(v) = 0. In an 
^-splitting the vector field is [v — a(v)p,w + a(v)x]- Using the definition of oja , 

ua ([v,w],Ja[v,w\) = CA u}x(TTiv,jz(iriv)) + (F Ao (7riv,jz(iriv)),&) 
+ ujx{w + a(v )x, Jx(w + a(v)x))- 

For a fixed vector field lva ([v,vj], Ja[v,w]) varies continuously with a. Since 

||a;Ao([' y ) H> [v, H)llc° > 0) there is a constant C[ UjU ,] so that ^^([v, Ja[u, w])||c° 
is positive if ||a||cfo < C[„ jW j. TP(X) can be spanned by a finite number of vector 
fields, so the lemma follows. □ 
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4.1.2. Energy of holomorphic curves. Gromov compactness uses an energy func- 
tional denned in |MS04| : 

Definition 4.1.3. Let Aq be a C 1 connection and A a C° connection. The energy 
of a J^-holomorphic curve u : E — > P{X) is 



(•) ')j a ,ua = w Ao(') <^4 - ) is the Riemannian metric on P(X). 

Remark 4.1.4. If is u Ao -tame and u : E — > is J^-holomorphic, then 

Ej A ,u Ao (u) = Jz u * UJ A - Tnis is proved in [MS04| . 

In our application, we'll need a bound on Ej A (u) in terms of ||<Zj4u||i2, this follows 
from the lemma: 

Lemma 4.1.5. For a C 1 connection Aq on P, there is a constant C2(Aq) so that 
for any C° connection A satisfying \\A — Aq\\ c o < c%, 

(14) u Ao ([v,w], J A [v,w\) <u x {w + a(v) Xl J x {w + a(v) x )) + 2c Ao u Ti (v,jv) 

for any vector field [v,w] on P(X). [v,w] is split by Aq, that is Aq(v) = and 
w € TX. A = Aq + a. 

Proof. First we look at A = Aq . By the definition of uj Ao , 

u Aq ([v,w], J Aq [v,w]) < u) X (w, J x w) + 2c Ao ujY,{v,jv). 

By (|13p. we see that both sides of (|14p vary continuously with a. So, for any 
vector field there is a constant c^ ^j so that the inequality (fT4"|) is satisfied for 

\\a\\ c o < c\ V)V1 ]. By picking a finite set of vector fields that span TP(X), and taking 
C2 to be the maximum of all these Cr^i the lemma is proved. □ 

Corollary 4.1.6. If — A)||c/ < c<i, then for any J A -holomorphic u : E — > P(X), 

Ej a ,u>a (. u ) < Nau|| L 2 (e) + c^w^E). 
We assume Aq is C 1 , A is C° and u is C 1 . 

Proof. Let x be a non- vanishing vector field on S. If a non- vanishing vector field 
doesn't exist on E, we'll work in co-ordinate patches. We may assume that |x(s)| = 1 



for all x £ E. Apply lemma 14.1.51 with [v,w] := du{x). Thinking of u as a section of 
P(X), du:TY,^ T U P(X) and dir(v) = dir(du( X ) - A (du( X ))p) = X- The lemma 



All the terms are positive. Integrating both sides over E proves the corollary. □ 




says 



uj Ao ([v,w],J a [v,w]) < u x (w + a(v) x ,Jx(w + a(v) x )) + 2ca ws(x, OX) 
= u x (w + a(v) x ,Jx(w + a(v) x )) + 2c Aq . 
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4.1.3. Gromov convergence in P(X). As in the case of J-holomorphic curves, bub- 
bling occurs in the space H(P, X). Since this space consists only of sections u : £ — > 
P(X), bubbling happens on the fibers of P(X). These structures with bubbles are 
called nodal gauged holomorphic maps and next, we describe them precisely. For this 
discussion, we assume that £ is closed, since in our applications, bubbling will be 
ruled out in the case when £ has boundary. A rooted tree T = (V, E) is a connected 
acyclic graph, with a distinguished root vertex labeled 0. That is, V = {0} U V s 

Definition 4.1.7. A nodal Riemann surface C = (£,z := {z a p} a Ep) is modeled on 
a rooted tree T = (V, E). It consists of a closed compact Riemann surface £ for the 
vertex and a copy of IP 1 for each vertex in Vs up to an equivalence ~. For each 
edge (a,P) G E, z a p G z pa G (P 1 )^ and z a p ~ z /3a- These are the singular 

points of C and we denote Z a := {za^aEp. 

Notation 4.1.8. If a and (5 don't share an edge, then z a p G Z a corresponds to the 
first edge on the path from a to f3. 

Definition 4.1.9. A nodal gauged holomorphic map from £ to X consists of the data 
(P,A,C,u,z). C is a nodal curve with singular points z and principal component 
£. P is a principal G-bundle on £ with connection A. u is a J^-holomorphic map 
from C — > P(X). The principal component of u is a section of P(X) - that is 
irp(x) ° ""Is = Ids- The other components map to a fibre of P(X) - for any a G Vs, 
irp(x) ° u a = constt. This map satisfies a stability condition : \Z a \ > 3 if a G Vs 
and u a is constant. 

Definition 4.1.10 (Gromov Convergence). Let w be a symplectic form on P(X) 
and Ai a sequence of connections on P converging to A^ in C°° so that each J Ai is 
w-tame. Let Ui : £ — >■ -P(A) be J^. -holomorphic sections of P(X). Then Ui Gromov 
converges to a nodal gauged holomorphic map Uoo if there exist sequences of rational 
maps 4>f : (P 1 )^ — > £ for q€V s that satisfy the following: 

Map: • Ui converges to in C°° on compact subsets of T,\Zq. 

• Va G tij o <j)f converges to in C°° on compact subsets of 

• For the nodal map Uqo, the connection on the principal component £ 
is Aqq. 

Rescaling: • Va, /3 G F s , (</>f ) _1 o <f>f : (P 1 )^ — >■ (P 1 )^ converges to zp a in 
C°° on compact subsets of P^\{z Q( g}. 

• Va G V s , (j)f C°°-converges to zo a on compact subsets of P^\{z a o}. 
Energy: lim^^ B u , («i) = ^../(A^Kc) + E a6 y s #«,J X («£,)• 

The Gromov convergence result in [MS04| is applicable to a sequence of holomor- 
phic sections of P(X). We re-state the result in our context. 

Proposition 4.1.11. Let £ be a closed compact Riemann surface and (Ai,Ui) a 
sequence of gauged holomorphic maps. Suppose, Ai — > Aoo in C°° , and 

supiEj^ At) ^ Aao) (ui) < oo. 
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Then a subsequence of Ui Gromov- converges to a nodal gauged holomorphic map. 

Remark 4.1.12 (Gromov convergence on £ with boundary). The above definition 
of Gromov convergence is applicable on a Riemann surface with boundary with no 
bubbling at the boundary. Proposition 14.1.111 holds for a X with boundary if we 
impose the additional condition that for any x G dT, there exists a neighbourhood 
B t {x) C S such that supi\dui\^cx,^ Be ^ x ^ < oo. The norm on dui is taken with respect 
to the metric w^^ (•, J Ai •) on P{X). This condition ensures that there is no bubbling 
on the boundary. 

In our application where we have Gromov-type convergence, the convergence of 
Ai and Ui is not in C°°. So, we define a weaker notion. Since Aoo is not in C , we 
don't have the symplectic form loa^ and so, we don't talk about energy here. 

Definition 4.1.13 (Weak Gromov Convergence). Let Ai a sequence of connections 
on P converging to A^ weakly in H 2 . Let Ui : £ — >■ P(X) be J Ai -holomorphic 
sections of P{X). Then we say Ui weakly Gromov converges to a nodal gauged 
holomorphic map if there exist sequences of rational maps (j)f : (P 1 )^ — > £ for 
a £ V s that satisfy the following. 

Map: • ui converges to in C 1 on compact subsets of T\Zq. u^ G C . 

• Va G Vs, Uiocfrf converges to in C 1 on compact subsets of (P 1 ) a \Z Q . 

is smooth. 

• For the nodal map Uoo, the connection on the principal component £ 
is Aqq. 

Rescaling: • Va, /3 G V s , (0? )" x o : (P 1 ),, -»■ (P 1 ^ converges to zp a in 
C°° on compact subsets of Fl\{z a /3}. 

• Va G V,, 0" C°°-converges to zq on compact subsets of P^\{z Q o}- 

4.2. Convergence of a subsequence modulo gauge. 

Theorem 4.2.1. Let p > 2 be any constant. Let (A t ,ut) G C^([0,oo) x £) 6e t/ie 

gradient flow (modulo gauge) calculated in theorem \3. 0.1A There exists with 
ti — > oo as i — > oo and gauge transformations g-i G H 3 (Q) such that 

(a) i/iere exists a connection A^ in H 2 so that gi(Ai) — > A^ weakly in H 2 and 
strongly in W ,p . 

(b) there exists a C 1 section Uoq : intT, — > P(X) so that on compact sets of 
£\<9£, giUi weakly Gromov converges (definition \4-1.13 ) to a nodal gauged 



holomorphic map with principal component (Ao^Uqo). Let Z denote the set 
of singular points cm £. Z is finite and g^i — > Uqo in C 1 on compact subsets 
o/£\(ZU<9£). 

(c) Let Fi := *F Ai + Foo := *F Aoo + $(««,). Then, Ad 9x F { -> F^ weakly 
in H 1 and strongly in LP . //£ has boundary -Fooles = and so -Fqo = 0. 

(d) (^4oo5 u oo) is a critical point of the functional i.e. d^^F^ = and (-Foo)a' = 

Remark 4.2.2. The limit (j4 oj'U 00 ) need not be unique. But, if £ has boundary, we 
prove later that the limit is unique modulo gauge. 
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4.2.1. Convergence of A^. 

Proof of theorem \4JJ\ (a). Let (A t ,u t ) G Q° oc ([0, oo), H 1 x C°) be the solution of 
([3]). It differs from (At, lit) by a family of H 2 gauge tranformations. Let Ft = 
*F(A t ) + *(fit). 

By the second equation in the system ((5J), 
d IIFII 2 



{F u d\d A F t + u* t d$>{JF t ) m 
d A(t) F t\\h+ / 9x{{F t )u( t )A F t)u(t)) 



X 



This computation makes sense because Ft E -ff 1 by lemma [3.1.91 || JF* Hi, 2 as 
t — > oo. So, one can pick a sequence {U} (ti — > oo as i — > oo), such that 

11^(^)^11^, ||(^t 4 )«(toHi 2 ^ as i ^ oo. 

We replace the subscripts ij by i. To show weak convergence of {A{\ in // 2 , 
we need a bound on Hd^-FfAj)!!^, which can be shown by obtaining a bound 
on Willi 2 - This is done by using the following result from [CGSOO]: "Let C 
be a closed compact Riemann surface and P a principal G-bundle on it. A pair 
(A, u) e A{P) x P{X)) satisfies 

/ \F(A)\ 2 + \<S>o U \ 2 +\d A u\ 2 dvol c 
Jc 

= I \d A u\ 2 + l-\*F AtU + $(u)\ 2 dvolc + (uJx-$,uy\ 

J C 

The last term denotes the pairing of equivariant cohomology and homology. We 
apply this result with 

Case 1: C = £ and (A, u) = (Ai,Ui), if £ is closed, or 

Case 2: C = £# - E, (A,u) = (A i: Ui)# - (A ,u ), if S has boundary. 

Since, (j4j,Uj) are continuous deformations of (Ao,uo), the last term (ux — $,u) 
is constant for all i. We know that all terms except J c \d A u\ 2 dvolc are uniformly 
bounded for all i. Hence ll^^.^i Ili 2 (s) = H^A^illx, 2 ^) < c f° r an Therefore, 
11^^^(^)11x2 is bounded and we get the result by Uhlenbeck compactness ([Jjh.182], 
[Weh04] ) i.e. there exists a sequence of gauge transformations {g{\ in H 3 (Q), such 
that gi(Ai) converges weakly to A^ in H 2 and strongly in W 1,p , because of the 
compact embedding H 2 W 1 ^ . □ 



4.2.2. Convergence of U{. As discussed at the start of this section, to study the 
convergence behaviour of Ui, we see them as J Ai holomorphic curves. One issue 
in applying Gromov convergence results in [MS04] is that we don't have smooth 
convergence of the complex structures J Ai . Our strategy is to apply a sequence of 
complex gauge transformations to {A{\ to obtain smooth convergence. 



YANG-MILLS HEAT FLOW ON GAUGED HOLOMORPHIC MAPS 



25 



Lemma 4.2.3. Let p > 2 and A{ be a sequence of connections on a principal bundle 
P over a compact set U . A{ — > Aoo in W 1,P (U) and Aoo is a smooth flat connection. 
For large i, there exist complex gauge transformations gi in W 2,p so that gi(Ai) — 
Aoo £ ker(d / i oo © d* A ). gi — )• Id in W 2,p . For any closed set U' contained in the 
interior ofU, gi(Ai) is smooth on U' and the sequence converges to Aoo in C°°(U'). 

The proof follows ideas in |DK90] . It uses the implicit function theorem, which 
we state: 

Proposition 4.2.4 (Implicit function theorem). Let E\, Ei and F be Banach 
spaces, f : E\ x E2 — >• F a smooth map with partial derivatives D\f and D?f. 
If the partial derivative Dif at (^1,^2) is an isomorphism from Ei to F, then there 
is a smooth map h from a neighbourhood of £1 in E\ to a neighbourhood of £2 in E2 
such that 



Proof of lemma \4-2.3 . Given a connection A = A^ + a, we need to find g = exp£ £ 



Qc so that the function 

f n 1 ^))^ x n°(p( 0c )) W 2, P -+ n 2 (P(g)) LP x n°(p( Q )) LP 

\ («,£) ^ (^(exp^ • (A^ + a) - Aoc),d Aoo (exp(, • (A^ + a) - Aoo)) 

vanishes. We use the implicit function theorem (proposition l4.2.4l) . At (a, £) = (0, 0), 
partial derivative is given by (£1 +2^2) ^ (^a^ * ^^£2, ^a^^A^Ci)- The other 
terms vanish because d\ = Fa^, = 0. Write d&* = — * d* A , so we need to 

show that d* Aoo d Aoa : Wg' p (n°{P(g))) -> Z7(ft°(P(g))) is an isomorphism. This is 
because the Dirichlet problem has a unique solution. We also know that g varies 
continuously with a. 

By this argument, for any large i, the required complex gauge transformation gi 
exists and gi — > Id in W 2,p . Together with the fact that A% — > Aoo m W 1,p , it implies 
9i{Ai) -> Aoo in W 1 *. 

dA x © d* A : S7 1 — > $7° © Q 2 is an elliptic operator because d\ = F(Aoo) = 0, 
and so, [dA^ ffi d-Aoo) 2 = ^A^- For any closed set U' contained in the interior of U, 
elliptic regularity gives, for s > 0, 

\\9i(Ai) - A OQ \\ W s+2,p( U ,- ) < c(\\A Aoc (gi(Ai) - Aoo)\\w s >p{u) + — Ax)||vk s +i,p([/)) 

< c \\di(Ai) — AooWws+lv^uy 

This leads to the proof of the lemma. □ 

Remark 4.2.5. In the statement of the lemma, we assume Aoo is a flat smooth 
connection. Flatness is enough - because a flat connection is gauge-equivalent to a 
connection that is smooth in the interior of U. This is seen by an implicit function 
theorem argument very similar to the proof of the above lemma. If Fa = and 
A £ H , pick a smooth connection Aq that is i? 1 -close to A. Then A can be put 
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into Coulomb gauge with respect to Aq. i.e. there exists g £ H 2 {Q) such that 
d* Ao (g(A) - A ) = 0. Now, we have control on both d(g(A)) and d*(g(A)). By- 
elliptic boot-strapping g(A) is smooth in the interior of U. 



Proof of theorem J^.2.1\ (b). We first work with the case when E has boundary. By 



theorem f in [Don92j, A^ can be complex gauge-transformed to a flat connection 
that is smooth in the interior of E. That is, g{A QO ) is flat for some g £ W s (Gc)- 
Now we have ggi(Ai) converges to g{A QO ) in VF 1,P (£7). By lemma 14.2.31 there is a 
sequence {g^} C W 2,p (Qc) converging to Id and such that (g' i ggi(Ai) — g(A OQ )) € 
keT ( d g(Aoo) © ^(A^))- Let us cal1 A i := 9i99i(Ai), A'^ := g(Aoo) and u\ := g-ggm. 
On any compact set U C E\c?E, A\ converges to A'^ in C°° and so J A / — > J^> in 
C°°(U). 

Next, we verify that there's an energy bound on u',. In the proof of theorem 
14.2.11 (a), we showed that supj Wdg.^gmW^^ = sup 4 ] | d^* ] | z,a (e) < 00 ■ The 
quantity ||dA^||i2 varies continuously under the action of complex gauge transfor- 
mations - the function g \-t \\d g ^gu\\ L 2 is continuous from H 2 {Qi£) to E. So, 
suv i \\d ag .^gg i Ui\\ L z(jr ) < 00 and since gt -> Id in H 2 (G C ), supJ^Uj-H^^ < 00. 
On any compact set J7 C E\e?E, is smooth and — > A'^ in C°°(U). Using 
lemmas T4.1.2I and 14.1.51 for large i, J is w^-tame and supj Ej a ,^ a , (ui, U) < 00. 

By applying proposition 4.6.1 in [MSQ4], we see that there is a finite set Z in E\9E 
so that for zq G Z, there is a sequence z\ — > zq for which \dui{zi)\ is unbounded. 
Consider a compact set f7 C E\<9E such that dU D Z = (p. By remark 14.1.121 
a subsequence of u\ Gromov-converges on U and the principal component is u^. 
Now, we gauge transform back. Let Uoo := g u'^. Since g\ — >■ Id in VF 2,p (£/c)! we 
get c/j-Uj — > Uoo in C 1 (^) ) where U' is compact subset of E\(<9E U Z). 

In case, E doesn't have boundary, the connection A^ can't be complex gauge 
transformed to a flat connection. So, we consider closed sets Ei and E2 which have 
boundary and E = Ei U E2. A subsequence of Uj converges on Ei\(Z n <9Ei), and a 
further subsequence converges on E2\(^n9E2). The limits agree on the intersection, 
and so we have it, weakly Gromov converges to a nodal gauged holomorphic map 
with principal component Uqo and connection A^. □ 

4.2.3. (^ooj^oo) is a critical point. 

Proof of theorem \4-2.1\ (c) and (d). For this proof, denote (A'^u^) := gi(Ai,Ui) and 
F- = Ad gi Fi = *F(A' i ) + We consider the sequence ^(/u-) in L p 

\Mu'i) ~ $Ooo)||lp(E) <\Mu'i) ~ $(«oo)||Ll»(E\B«(ZUflE)) 

+ \\®( u 'i)\\LP(Bc(ZUdT,)) + \\®( u ao)\\LP(B t (ZUdT,))- 

Since, ||$||l°° is bounded, the second and third terms can be made small by taking 
small enough e. From (b), we have u[ — > Uqo in LP(Y\B e (Z)). Therefore <J?(u-) — > 
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$(uoo) in LP. F(A' i ) -± F(A oc ) in L p as A\ -> ^ in W 1 *. Adding, we get F( ->• F^ 
in L p . 

From the proof of (a), we know, for some constant c, ||F/||#i < c for all i. So 
there is a subsequence so that, F/ — > Fqq weakly in H 1 and strongly in LP . Therefore 
Foo = Fqq. In case S has boundary: 

H 1 ^, E) -)• F 1 / 2 ^, F| 9S ) a ^ ct| 9s 

is a continuous map. Since F[ = on the boundary for all i, F^ is also zero on the 
boundary. 

Since F- — F^ in H 1 , d A >F[ — ^ cU^Fx, in L 2 and so, 

HdAoo-^ooIlL 2 < hminf||(i A /i^|| L 2. 

We know Wd^F'Jv -> 0. So, c^F^ = 0. 

To show (*i ? oo)ii CX) = 0, we work on a compact set U C £\(ZUd£) on which there 
is a trivialization of P. So, v! i is a map from U to X. Since —> in C°(U), we 
can take ?7 small enough that for any i, u'^U) C V and 1/ is a chart of X that is 
bi-holomorphic to a subset of C n . So, we may assume u\ : U — > C n . Define a map 

(15) L\U-> Hom(g, C n ) x h-> (£ ^ &.). 

L is smooth and (F/) n / = {L o u'AF!. Since L o 4 I o u M in C° and F( — > F^ 
in L p , we get (F/) u / — >• (F^),^ in L P (U). From the proof of theorem 14.2.11 (a), 
(F/) u > -> in L 2 (£) and so (Foo) Uoo = on U and hence on E\(Z U d£). That 
means (F^),^ = almost everywhere on £ and this proves the result. □ 

4.3. Unique limit. When £ has boundary, theorem 14.2.11 says that (-Aoo>^oo)j the 
principal component of the limit, is a vortex i.e. Fa Uoo = 0. In this section, we 
show that (AocUca) is in the complex gauge orbit of the flow line (A t ,ut). Since in 
a complex gauge orbit, a vortex is unique up to gauge transformation (proposition 
I4.3.2p . the limit of the gradient flow is unique up to gauge. The main theorem is 

Proposition 4.3.1. Let p > 2. Suppose £ is a Riemann surface with boundary. 
Let (Ai,Ui) G H(P,X) be a sequence such that Ai — > Aoo in W l,p and there is 
a finite set Z C £ so that Uj — > Uqo m C 1 on compact subsets of £\(Z U 9£). 
F := *F(Aj) + -u*<3? -4 in L p . Then, there exist constants C and io so that for 
i > io, there is a complex gauge transformation expi£j, & € r(£, P(g)) W 2, P so that 
(exp i£i)(Ai, Ui) is a vortex and satisfies \\£i\\w 2 >p < 8C||Fj||iP. 

Proof. For any (Ai, ui) in the subsequence found in theorem 14.2. 11 define a function, 

Ti : r( fl ) a ->• r( fl ) 

Here r(g)$ = {£, £ T(g) : £\q% = 0}. The differential of F; at £ = is given by 
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Step 1: DJ-"i(0) is invertible for all i. 
The operator Id +d A .dAi '■ W^' p (S,g) — > L p (E,g) is invertible because the Dirichlet 
problem has a unique solution. So, it has Fredholm index 0. u*d&(J(-) u ) — Id is a 
compact perturbation so DJ-^O) also had Fredholm index 0. It is 1-1 because for 
any non-zero £ G W$ ,p , 

{{d\d A £i +<d$(J(&) Ui ))£i,£i) i>(EiB) = \\d A Mlv + / •/(&)«) > 0, 

and therefore, it is onto as well. 

Step 2: For large i, H-D-F^O) -1 1| < C and C is independent of i. 
Denote 

Qi :=Z^(0)-\ Qoo ^DT^O)- 1 . 

On the spaces W s,p , we use the norm [| • || ^ °° i- e f° r a e r(£,P(g)), 

s 

hut? :=En v ^ a ii^- 

For notational convenience, we define an operator L x for every i£l, 

: 5 -> 

We'll proceed by showing that the difference between DFooCO) and -DJ^O) is small 
and so ||<5j|| can be bounded in terms of ||Qoo||- Let £i G W S ' P (J1, q). 

||( J DFoo(0)- J D^(0))ei||Lp(S) < II^^^i-^^^iIUpCe) 

+ IK-^itoo ~ ^"Uj)Cl||l/P(S\B e (^USK)) + IK-^Woo ~ )£l II LP(B E (Zud£)) • 

-B e (Z U denotes e balls about the points in Z U 9S. The value of e is yet to be 
fixed. We bound the third term in (1161) first. 



\\{L Uao - L Ui )£i\\ L p(B e (zudz)) < 2 l|£|lc* (x)ll£i|lw 2 >p(£) • vol(B t (Z U <9£)). 
Fix a small enough value of e so that 

2[|L|| c o W -vol^CZuaE)) < 

For the second term - since Ui — > Uoo in C 1 (S\i?e(-^ U <9X)) for a large enough i, 
ll(-^«oo ~ ^Ui)Cl||LP(S\B e (Zu9S)) < ll^«oo - ^«Jlc (E\B e (Zu9S))ll6llw 2 .P(E) 

" «^ ll6llly2 ' P - 

The first term is bounded similarly. For a large enough i, 

WidA^dAoo ~ d^.dA^iiWLv^) < c\\A^ - -4i||vyi>p(s)ll6llvy 2 'P(E) 

-«^ II6I|W2 ' P(S) - 
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Then, 



■^11 Voo || 



To prove the result we apply the implicit function theorem (in the form of theorem 
lA.n.inp to Ti with C := 2||Qoo||. We need to find 6 for which \\DTi^) - DTi(0)\\ < 

Step 3: For large i, ||£||w 2 >p < 1> there is a constant independent of i such that 

11^(0-^(0)11 < Cl u\\ w2 , P . 

Proceeding in a similar way as above, 

(17) 11^(0-^(0)11 < \\A {cxpi0Ai -A Az \\ + \\L (expi0ui -L Ui \\. 

Consider the first term. Recall that 

{d* Al+a d Al+ a - d* A .d Ai )ii = *[a A *d A ^i] + d* A .[a A £i] + *[a A *[a A &]]. 

We assume that i is large enough so that |j^4oo — || ^/l.p < e for some fixed e. Then, 
for any s > 0, the operator d Ai : W s+1,p — > W s,p has a bound on its norm that is 
independent of i. Applying multiplication theorem, 

\\(d* Ai+a d Ai+a - d* A A Ai )£,i\\ L p < c||o||i )P ||^i||2,p. 

To bound the first term, we need a bound on ||(expz£)^4i — Aj||^i, P in terms of 
||£||jy2, P . At a connection A, the infinitesimal action of i£ is *d A £. So, (expi£)Ai is 
given by A(l), where A (t) is the solution of the ODE 

^ = *d m i A(0) = A. 
Write A(t) = Aoo + a(t) and the equation changes to 

^ = *U»e + *Kt),e] a(0) = A oo -A l . 
Assume ||£||2,p < 1- Then, 

^||a||i, p < II^IIi.p < c||C||2,p(l + ||o||i,p) < c(l + ||a||i,p). 
Since ||a(0)||i iP < e, ||a(i)||i, p < c = c(e) for < t < 1. This means, if ||£||2,p < 1, 

^||a||i, P < c||£|| 2 . 

So, 

\\(A(expit)Ai ~ AaJCiIIlp < c\\(expig)Ai - Ai\\ ljP \\^x\\ 2jP < c||£|| 2 ,p||£i||2,p- 
As for the second term in (fT7|) . £ i-> (£(cxpi£)w; ~~ ^uJ ls a smooth map. So, 
ll-k(expi£)uj ~~ ^-Uillc < c ll£llc° < c llCl|2,p- The constants are independent of i, be- 
cause since X is compact, there is a constant c for which dx((exp i£) x > x ) < c l£l f° r 
any x G X and ^ G 0. Now, by multiplication, 

||(-k(expi£)wi ~~ ■£"0£l||-Z> < c||L( exp j 5 ) Ui - L Ui ||cro ||£i ||i>> < c||£|| 2 ,p||£i ||2,p- 
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Therefore, there is a constant c\ independent of i, such that for large enough i and 

Uh, P < i, 

11^(0-^(0)11 <cxU\\ W 2, P 

Step 4: Finishing the proof of the theorem. 
Let 

b~max '■ — l/2Cc]_. For i large enough that ||Pj||j> < , the implicit function 
theorem (jA.O.lOp is applicable on Fj with 5 = 5 max . 

If we take i such that 1 1 Pi ||j> < ^fff- and apply the implicit function theorem 
with 5 = 8C\\Fi\\ LP , we get & so that P;(£;) = and ||£|| 2 < 5 = 8C||Fj|| LP . □ 

Proposition 4.3.2. Up to gauge equivalence, there is at most one vortex in a com- 
plex gauge orbit. 

Proof. A vortex is a point (A,u) € H(P,X) at which the moment map *Fa,u van- 
ishes, so the proof is similar to the finite-dimensional case - proposition 12.1.31 The 
diffeomorphism ^) in the proof of proposition 12.1.31 induces a bijection 

Gc -»■ Q x I\E, P(fl)) 5 !-)■ (fc, so that 5 = /ce i€ . 

So, if (A, u) and (.A', u') are vortices that are complex gauge-equivalent, after a gauge 
tranformation, we may assume (A',u') = e^{A,u) where f G r(E,P(g)). The rest 
of the proof is identical to that of proposition 12.1.31 □ 

Theorem 4.3.3. Under notations from theorem \4- 2. 1\ let E have non-empty bound- 
ary. Then, Mqo S C 1 (E) and giUi — > Uoc in C 1 (E) - i.e. there is no bubbling. 
(AqojUqo) lies in the same complex gauge orbit as the flow line (At,ut). For a given 
flow line (Af,ut), the limit (^4oo> u oo) is unique up to gauge. 

Proof. Denote (A'^u'j) := gi(Ai,m). The outline of the proof is (omitting Sobolev 
space details): using the fact that A\ — > Aoo and proposition I4.3.1| we show that 
if 9i € Gc is a sequence such that gi(A' ) = A\, then gi — > g^. This implies, 

Apply proposition ^. 3. ll to (A^u'A. By dropping a tail of the sequence, we may as- 
sume io = 0. So, for all i, there exist £j G VF 2,P such that (A",u") := (expi^i)(A' i ,u' i ) 
is a vortex and £j — > in W 2,p . Since the gradient flow preserves the complex gauge 
orbit, using proposition I4.3.2| (A'!,u") are in the same gauge orbit for all i. Also 
A" — > Aoo in W 1,p . Now, apply lemma 14*. 3, 4 1 to the sequence {A 1 -} to obtain gauge 
transformations {fcj} C W 2 ' P (G) such that fcj — ^ Id in W 2 ' p and A" = fci(-Aco)- Since, 
taking inverse is a smooth function, k^ 1 — > Id in C 1 . 

Let (ji := fej" 1 exp(i^i) exp(— i£o)^o- Then, we have — > exp(— i£o)^o i n C 1 (E). 
Since <7i(-A ) = ^ we § e * u \ = 9i u b an d so u\ — > exp(— i£o)^o u o i n C 1 (E). So, the 
limit Mqo computed in theorem 14.2.11 is same as exp(— i£o)^o^o - i-e. extends to 
a C 1 map on all of E. □ 

Lemma 4.3.4. Let P — ?• E be a principal G-bundle over a compact Riemann surface. 
Let p > 2 and Ai a sequence of connections converging to vloo in W l,p . A^ are gauge 



YANG-MILLS HEAT FLOW ON GAUGED HOLOMORPHIC MAPS 



31 



equivalent, i.e. there exist gi € W 2,P (Q) such that gi{Ao) = A%. Then, gi are 
bounded in W 2,p and there exists goo £ W 2 ' P {Q) such that gi — > goo weakly in W 2,p 
and strongly in C . Aoo = goo{Ao) and so is in the same gauge orbit as the sequence. 

Proof. Denote Gj := gi(Ao) — Aoo- We are given Gj — > in W l,p as i — > oo. We 
work in a neighbourhood U of XJ, over which there is a fixed trivialization of P. So, 
Aq, Aoo, ®« £ ^(U, g) and gi : U — > G and we know 

9i{A ) = [dg^g^ 1 + giA^gr 1 

So, 

(18) = -giA + yloo^ + 0^ 

j4oj ^4oo and 0j are bounded in L p . Since the action of G is metric-preserving, the 
right hand side is bounded in LP . Since G is compact, ||<7i||wi>i> < c for some constant 
c. Next, we show that the right hand-side of (I18p is bounded in W ' p . Consider 

v(e^) = Qi{vgi) + (veOft- 

||V(e^)|| LP < ||©»||wi.i'l|V5i||iP + ||VB i ||z^|[fl'i||wi.jp 

by proposition 15.1.131 So, ||V(</i0i)||i^i,p are bounded. Similarly giAo and Aoogi 
are also bounded in W 1,p and so, ||<?j||i/p2, P < c for a constant c. Therefore, passing 
to a subsequence, gi — goo in T^ 2 * and the convergence is strong in C . Also, 
9i(Ao) ->■ 5oo(^4o) in L p and so, 5oo(-4o) = A»- □ 



5. Sobolev Spaces 

The goal of this section is to define Sobolev completions of time-dependent sections 
of vector bundles and prove uniform bounds on certain operators. For a vector 
bundle E — > X, we define spaces H r ' s ([0,to] X E,E) ■ roughly speaking, when r 
and s are non- negative integers, this space consists of sections that have r weak 
derivatives in the time direction, and s in the space direction. This space is defined 
as H r ([0, to], H S (T,, E)), i.e. the space of .£F*-regular functions from [0, to] to the 
Hilbert space H S {Y>,E). Subsection 15. II introduces the spaces H S (E,E). The norm 
on the space H S (E,E) is dependent on a choice of connection. Here we'll use a 
connection A, that satisfies H-F^)!]^ < K, and then show that the operator norms 
depend only on K and not on the choice of A. This uses Uhlenbeck compactness 
and is proved in subsection 15.21 15.31 describes time dependent sections. Next, in 
15.41 we show that in these spaces, the solution of the heat equation has uniformly 
bounded norm. In the last subsection 15.51 we define the space H r (C°) and prove 
some of its properties. 

5.1. Sections of vector bundles. 
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5.1.1. Definition and basic properties. Let £ be a compact Riemann surface, possibly 
with boundary. Let P — > £ be a principal G-bundle, where G C SO(n) is a Lie 
group. If V is a vector space with a G-action on it, we denote the associated vector 
bundle (P x V)/G by P(V). Here, we consider bundles of the form E = P(V) <8> 
A n T*£. A connection on the principal bundle P and the Levi-Civita connection 
together determine a connection on E. For now, A will denote a smooth connection 
on P (and hence E). 

Definition 5.1.1. Let s be a non-negative integer, a £ T(£,.E) 

(19) ||a||? := ( Ell V >lli* 

\j=0 

is a norm. H S {E) is the completion of T(£, E) under this norm. 

Remark 5.1.2. H S {E) can alternately be defined as the equivalence classes of almost- 
everywhere defined sections a that satisfy V\a G L 2 for < i < s. The derivatives 
Va are taken in the distributional sense. [LM72] shows that the space of smooth 
sections is dense in H S (E). 

The following properties are well known: 
For S2 < s±, the following inclusion is continuous. 



(20) H S1 {E) ^ H S2 (E) 

(21) V A :H S (E) — >H s - l (E®T*X) 

(22) V\: H S {E ®T*X) — > H S ^ 1 (E) 

(23) V* A V A : H S (E) — ► F s - 2 (£) 



is the same as Va followed by the contraction T*X x T*X — > R. For smooth 
j4, the operators Va, V^, V^Va are continuous by the definition (I5.1.ip of ||-|| s . 

5.1.2. Interpolation. 

Definition 5.1.3. If X and Y are Banach spaces such that the inclusion X C Y 
is continuous, an interpolation space W is a Banach space, X C W C Y with the 
following property: If L is a linear operator from Y into itself, which is continuous 
from X into itself, then it is also continuous from W into itself. It is an interpolation 
space of exponent 6 if there exists constant C such that 

11-^11 w < Cll^llj^ll-^lly for all such operators L. 
Further, if C = 1, then W is an exact interpolation space. 

The complex interpolation functor Ig produces an exact interpolation space of 
exponent 9 (see [LM72], [Tri95]). We describe this method of obtaining interpolation 
spaces: Let S be the strip {z € C : < Re(z) < 1}. Let %(X, Y) denote the space 
of functions / : S — > Y with the following properties: 
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• / is holomorphic on S 

• f(irj) G X and r/ h- > f(irj) is a bounded continuous function from R to X 

• tj i — ^ /(l + ^77) is a bounded continuous function from R to Y. 

H(X,Y) is equipped with the norm 

\\f\\H ■= max(sup||/(zr/)||x,sup||/(l + ir])\\ Y ). 

Using the three lines theorem, theorem 1.9.1 in [Tri95] proves that T-L is a Banach 
space. 

Definition 5.1.4 (Complex Interpolation). Let X C y be a continuous inclusion 
of Banach spaces and < 9 < 1, 

:= {o|3/ G W(X,y) : f(9) = a} 

with norm \\a\\ Ig{x ,Y) = mi{\\f\\ u \f(9) = a}. 

We use this construction to define fractional interpolation spaces: 

Definition 5.1.5 (Fractional Sobolev spaces). For an integer n and < 9 < 1, 
H n+e {E) := I e (H n (E),H n+l (E)). 

For si, S2 > 0, and < 9 < 1, [LM72] proves that the map 

(24) I e (H Sl ,H S2 ) -> if^i+a-^ 

is an isomorphism. So, the maps ([2D]) . ([2T]) . ([22]) . ([23]) hold for all s > 
For s > dimS/2, there is an embedding ([LM72J) 

(25) H s C°. 

5.1.3. The spaces flg, For s > ±, 

(26) F s (£,£) ^i? s -i(0E,£;| 5s ) 

is well-defined and continuous. Cq°(E,E) denotes the space of smooth sections 
supported away from the boundary of S. for any s > 

Definition 5.1.6. [Hq spaces] Let m > be a non-negative integer 
H™(Z,E):= closure of C£° in tf m (£, £). 

For < 9 < 1 

H™+\Y,,E) := [H^,H^ +1 ] e . 

Remark 5.1.7 (Alternate characterization of Hq). If s 7^ M + ^> where /x is an integer, 
the spaces can be directly defined as 

H$(E,E) := closure of C£° in H S (Z,E). 

These spaces can be alternately characterized as : a G i/p if and only if a G and 
ff = on <9E for j = 0, . . . , [s - §]. So, for < a < \, = H s . This makes 
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intuitive sense because for iF-sections, the boundary trace is not well-defined if 
s < \. 

However, if s = fj, + ^, Hq(Y,,E) is a strict subspace of the closure of in 
H S (T,,E), with a finer topology. Hq +1 ^ 2 is called the Lions-Magenes space and is 
not closed in iJ^ +1 / 2 . We'll talk about these spaces more in the 1-dimensional case 
in section 15.31 

Remark 5.1.8. Our notation here is different from jLM72] . [LM72] defines Hq(Y,,E) 
as the closure of C§° in H S (Z,E) for all s. [H» , H» +1 ] l/2 is called H^ 1/2 . 

The Hq spaces are well-behaved in terms of interpolation. For si,S2 > and 
< 9 < 1, 

(27) I e (H°\H^)^H e Sl+{1 - e)s2 
is an isomorphism. 

5.1.4. Defining H~ s by duality. 

Definition 5.1.9. Let s > 0. H- S (E) := (H$(E))* i.e. H- S (E) is the completion 
of r(E, E) under the norm 

(28) H_ s := sup{ Jja,a') : a' G H$(Z,E), \\a'\\ s = 1}. 

Elements in H~ s need not be sections that are defined almost everywhere. H~ s 
is a subspace of the space of distributions. 

Notation 5.1.10. We use the notation H% in statements that apply to both H s and 

Using the above duality, we have 
Proposition 5.1.11. The maps ([20]) . (f2Tj) . ([22]) . ([23]) are continuous for all s, si, 

By duality, the expected interpolation results also hold for H~ s spaces. 
Proposition 5.1.12 (Multiplication Theorem). The map 

(29) H? (E 1 ) ® H? (E 2 )^ H? {E 1 ®E 2 ) 

is continuous if s\ + s 2 > 0, S3 < min(si,S2) and S3 < s\ + s 2 — dl ™ s . 

This is a corollary of the corresponding result on W m,p spaces. 
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5.1.5. W s ' p spaces. Let p > 1 and m be a non-negative integer. The space W m ' p {E) 
is a completion of £7) under the norm 

m 

ll°"llm,p : = ^Wa^Wlv- 

i 

By complex interpolation, W s ' p can be defined for all non-negative s. H s = W s ' 2 . 
For p / 2, p^ s ' p is not a Hilbert space. The negative exponent spaces are defined 
differently from H s . For s > 0, W~ s ' p := )* where the pairing is via the 

L 2 -product and p* is given by - + pr = 1. We'll need the following embedding 
results: 

(30) W S1 ' P1 W S2 ' P2 if s 2 < si and s 2 - < a x - &E±I± 

P2 Pi 

(31) VT' P ^C k if fc < s - 

p 

Both the inclusions are compact ([Tri95j). 

Proposition 5.1.13. [Multiplication theorem onW s,p (E) spaces] The multiplication 
map 

W Sl ' Pl (E) W S2 ' P2 (E) -> W S3 ' P3 (E) 
is continuous if s x + s 2 > 0, s 3 < min(si, s 2 ) and s 3 - < si - + s 2 - ■ 

This result follows from a corresponding result on IR™. The result on M n is proved 
by Holder's inequality for the case when Sj = and then using induction, interpola- 
tion and duality. 



5.2. Uniform operator bounds. So far, we have used a smooth connection A 
to define spaces H%, and we have stated some operators between these spaces that 
have bounded norms. Using a different connection leads to the same spaces, with 
equivalent norms. Here, we show that one can use a connection A 6 H s °, where 
so > n/2 and get an equivalent norm on spaces for s € [— sq — 1, sq + 1]. The 
norms of operators between these spaces will depend on the choice of connection, but 
we'll show that if the connection satisfies a curvature bound ||i ? (A)|| S0 _i < K, then 
the operator norm bounds depend only on K and not on the choice of connection. 
Constants that depend only on K will be denoted ck- We'll also use terms like ck- 
bounded, ck -isomorphism etc. to say that the relevant operator norms are bounded 
by c K 

Proposition 5.2.1. For A € H s ° , the operator is continuous in H S (E). \\-\\a 
defines a norm and is equivalent to \\-\\b, where B is a smooth connection and 
s 6 [s Q ,s ]. 

Proof. Let a := A-B G ^(X, P(g)) H s . If a £ H S (E) (s G [s ,s ]), V^a = V B a + 
[a, a]. By the multiplication theorem \\[a, a]\\f < \\a\\f Q \\<j\\f . So, : H s — s> H 8 " 1 
is a bounded operator. This implies that ||-||^ is a norm. 
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I use induction to prove < c||-||^ (when s is a non-negative integer). The result 
is trivial for s = 0, since both norms are just the L 2 -norms. Assuming the result for 

8-1, 

\W\\f < + \\VA<r\\f- 1 

< <\W\\fLi + II v^||f_o 

<c(|H|f_ 1 + ||VBff||f_ 1 + ||a||^|H|f_ 1 ) 

<c|Hlf- 

The other direction ||-||^ < c||-||j5 can be proved similarly. The result extends to all 
s G [— sO) s o] by duality and interpolation. □ 

To prove a uniform bound on operator norms, we use local trivializations to give 
an alternate definition of H s . 

5.2.1. Local trivialization definition of H s -spaces. It's possible to define the spaces 
H s using a local trivialization of the bundle : roughly, ||<r|| s will be the sum of 
its .£P-norms in each co-ordinate patch. Changing the trivialization would produce 
equivalent norms. We will pick a trivialization that would produce a norm that is 
Cif-equivalent to ||-|| s - 

A local trivialization data of E — > £ consists of : an open cover {U a } a of S, with 
coordinate charts T a : U a — > V a C M. n , and a local section e a of the principal bundle 
P. This induces a trivialization of the bundle, 4> a : ir^lAcr^Va x W 71 , where M m is 
isomorphic to the fibres of E. The trivializations are related by transition functions 
9af3 '■ Ma H Up — > G. This lemma is lemma 3.5 in |Uhl 82j . 

Lemma 5.2.2 (Uhlenbeck Compactness). Given a K > 0, there exists a finite 
cover {U a } a of S and constants ck such that for any connection A on P satisfying 
||-F(^4)|| So _i < K, there is a trivialization (p a : 7r _1 Z// Q ,^V Q ,xIR m ; and ifr*A = d+A a , 

\\ A a\\H°o(V a ) < C K and ||fl r a/3Ta||/ r «o+i(V Q nT^ 1 W j9 ) - ° K ' 

Lets fix a partition of unity r/ a subordinate to this cover. 

Let a a := <p a o a o t^ 1 represent a on V a . Define another norm on H S (E) as 

( 32 ) Wis ■= XX /2 " ^H'OfaF") 

\ a 

We denote the H s -novm on Euclidean space by [•]. The L 2 product corresponding 
to the norms | • | and ||-|| agree 

/ (a',a)dV = y~] / r] a (a' a ,a a )dV. 

The next lemma shows that the norm | ■ |_ s is the dual norm of | • | on Hq under the 
L 2 pairing. This is needed for proving the cx-equivalence of the norms ||-|| and | • |. 
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Lemma 5.2.3. For any s > 0, there is a constant ck so that 

C K kl-s ^ \ a \(H s )* < CK\c\-s- 

Proof. For the first inequality, we show the existence of a' G H s so that 

-li i (°") cr ')i 2 (E) 

c * >!-«< |_,| • 

For each a, there exists cr^, G Hq(Vo) with |<r^,| s = 1 so that 

(Va 2 °-a,o-' a ) L 2 {Va) > ^\vl /2 cr a \ H -(V a )- 
Define a' := £ Q »yi /2 0— 1 ° o~ r a o t q G ff s (£, £?). Then, 

— 1 1 I /V^l 1/2 I 1/2 / \ ^ (0")C')-L 2 (S) 

a a ii* 

For the last equality, we use the fact that the number of co-ordinate patches is 
bounded by some ck and so |c'|^s( S ) < ck- 

For the second inequality in the proposition, we need to show that for all a' G 
(o-,0-')i 2 (S) = J^J/a^a,^) < \Va 2a <AH-°{V a )\'nl! 2 v' a \H<>(V a ) 



< C^2VaWa\ 2 H -s {Va) ) 1/2 C^2va\0-' a 



2 \l/2 _ i| |/| 

H"(V a )> — \ a \s\ a \ 



□ 



Proposition 5.2.4. Let s G [— sq — 1,sq + 1]. T/ie norms \\-\\ s and \ ■ \ s are ex- 
equivalent on H S (E). 

Proof. We first prove the result for non-negative integers by induction. For s = 0, 
Ml 2 = IMIl 2 - We assume the estimate is true for s — 1 and prove \a\ s < ck-||<t|| s 

w\ 2 = w\h + E^^ /2 -^ 2 s-i 

a 

< \w\\h + iivx<i2-i + Y} A « x + Et( v ^ /2 ) • cj °)]'-i 

a a 

< Iklll + cxk|s_i < cx||o"||s- 

The other direction i.e. ||o"|| s < | cr | s is similar to the proof of proposition (|5.2.ip . 

We have exact interpolation isomorphisms for both norms ||-|| and | • |, so the result 
extends to all positive s. Using lemma [5,2.31 it extends to negative s by duality. □ 



In this norm defined using local trivializations, operator norms don't depend on 
A. So, using the Cif -equivalence, we get 



38 



SUSHMITA VENUGOPALAN 



Proposition 5.2.5. // 

\\F(A)\\* = \\F(A)\\„ + \\V A F(A)\\ L2 + ... + Hvr 1 ^)!^ < 

then there exists constants ck, depending on K, but not on A, such that the multipli- 
cation operator (|29p and Sobolev embedding ()25[) have norm < ck and interpolation 
operators ()24|) . (|27|) are ck -isomorphisms. 

Remark 5.2.6. In the proof of proposition 15.2.51 there is an additional detail in the 
bound for the multiplication operator: for (a, a') (->• a <g) a', (a ® a') a depends on 
S/SaO^Iv^m- -1 !/ )• These terms can be bounded using the bound on gp a . 

5.3. Time dependent sections. 

5.3.1. Sobolev spaces over time intervals. We first define Sobolev completions of 
functions from a time interval [0, to] to a Hilbert space /C. This is very standard and 
follows the same ideas as the previous section. The only new idea in our definition is 
- we introduce a to-dependent scaling. This is for technical reasons and its usefulness 
will be pointed out later. 

Definition 5.3.1. Let m > be an integer. H m ([0, to], fC) is the completion of 
C°°([0,to],JC) in the norm 

( m Ai 

For non-integers, H T is defined by interpolating between neighbouring integers and 
H- r ([0,t ],JC) := (fl5([0,to],/C*))* with pairing (f,g) m- jj° (f(t), g(t - t))dt. 

Alternately, this norm can be defined by Fourier transform. Our definition differs 
from the standard one by a £cr sca hng. 

Definition 5.3.2. 

imi W o],K:) :=inf||(t - 2 +T 2 ) s / 2 F(T)|| i2j 
where the infimum is taken over all smooth F : R — > fC that restrict to / in [0, to]. 

We need another subspace here 

Definition 5.3.3 (Hp). Let C^PQO, to], K) be the subspace of smooth functions that 
are supported away from t = (i.e. all derivatives vanish at t = 0). For a positive 
integer m, Hp := closure of Cp° in H s . The definition is extended to non-integers 
by interpolation and to negative numbers by duality : Hp S := (Hp)* under the 
pairing (f,g) ^ J* f(t),g(t - t)dt. 

Remark 5.3.4. H$ = H s p = H s if < s < \. By duality, H s p = H s for -\ < s < 
also. For s < — |, Hp is a formal space - its elements may not correspond to 
distributions. 
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Remark 5.3.5. Continuing remark [5X71 H£ +1/2 ([0, T]) = {/ G ^ +1 / 2 ([0,T]) : 
t-VZft 1 £ L 2 } with norm 



M +1 / 2 = (n/ii^ +1/2 + r 1/2 /ni 2 ) 5 



The topology is finer than that of if^+V 2 , so it is not closed in if^+V 2 . Similarly, 
the norm of Hq +1 ^ 2 ([0, T]) is equivalent to 



b»w = (ll/llW + r 1/2 /ll| 2 + \\{t- t)- 1/2 /ll| 2 ) 



We state some important properties 
For s\ > S2, the inclusion 

(33) (Inclusion) H? ([0, t ] , £) — ► ([0, t ] , £) 

has norm ctQ 1_S2 . This inclusion is compact. The advantage of the scaling is that : 
by choosing small to, we have a handle on how small a perturbation this operator 
can cause. 

A map L : 1C — >■ K' between two Hilbert spaces, induces the following continuous 
operator 

(34) Hl([QM,K) —►#:([(), to], £'). 
Its norm is determined by ||L||. 

For r > J, there is an embedding 

(35) £T([0,t ],£) ^C°([0,t ],/C). 

r-i 

It is a compact operator with norm bounded by ct Q 2 . 

The multiplication theorem follows from the multiplication theorem for real valued 
functions, 

(36) (Multiplication) ([0, t ], K) <8> H? ([0, t ], K 1 ) — > #* 3 ([0, t ], /C ® £') 

if si + S2 > 0, S3 < si + S2 — 1/2 and S3 < min(si, S2). It has norm < ct s 1+f>2 S3 

If /Co an d /Ci have a common dense subspace fc, they form an interpolation pair. 
Let K 9 = I e (/C ,/Ci). Now, H s °([0, t ], Kq) and # Sl ([0, t Q ], /Ci) form an interpolation 
pair with common dense subspace i^ mm ( s °' si )([0, to], fc) and there is an isomorphism 
(37) 

(Interpolation:) #»«o+(l-*)«i ( [0) ^ /Q,) J e (ff a °([OM£o),# s m*o],/Ci)). 

Lemma 5.3.6 (Integration). ^ : iTp — > i7p +1 is invertible, the inverse is given by 
the integration operator f Q . 

Proof. Integration, / \-t J Q f(t)dt defines an operator from Cp°([0, to]) to itself. It 
extends to a bounded operator J Q : Hp — > Hp +1 for integers n > 0, using the 
definition 15.3.11 of the norm. The result follows by interpolation and duality. □ 
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Remark 5.3.7. For s > — |, the integration operator corresponds to "real integra- 
tion". Otherwise it is a formal operator. This ties in with the fact that for / £ H s , 
one can evaluate /(0) only if s > ^. 

5.3.2. Mixed spaces. We can define the following mixed spaces to describe time- 
dependent sections of vector bundles. 

Definition 5.3.8. For any real r and s, 

H r ' s (Z x [0,t ],E) = H r ([0,t o ],H s &,E)) 
x [Q,t ],E) = H r ([0,t Q ],H°(Z,E)) 
H r /(^ x [0,t o },E) = H r P ([0,t o ],H s (X,E)) 

etc. 



The definition is dependent on a choice of a fixed connection A on E, and A G 
H s ° , where sq is a fixed integer > 5 — 1. So, i/*' s is well-defined for all r and 
s € [—so — Ij^o + 1]. It is assumed that 11-^(^4) < K. Putting together the 
results on H^(E,E) and -£/J([0,toL we get all the expected results, ck will denote 
a constant independent of A and to, depending only on the manifold, the vector 
bundle E and the Lie group G. For example, 

(38) H:^([0,t ],E) ® Hl^(lO,t ],E) H™([0,t ],E) 

is a well-defined continuous map if r\ + r2, si + S2 > 0, r% < min(ri, r2, rj + r2 — ^) 

and s 3 < min(si, S2, Si + S2 — 1). It has norm < CKt r 1+r2 r3 ^ 2 . 



5.4. Heat equation. At the center of solving the flow problem, lies the problem 
of uniformly bounding the solution of a parabolic differential equation. We follow 
standard techniques (see [Eva98| ) . but we incorporate details for the additional issues 
- the Laplacian is given by a non-smooth connection, and we need Cff-bounds on the 
solution. 

5.4.1. Laplacian equation. As earlier, connection A £ H s ° . Throughout we assume, 
it satisfies the curvature bound ||F(^4) || So _i < K. Consider the system 

(I + V* A V A )a = f onE 
ct = on <9E. 



We denote by iTJ := {a G H s : a = on <9£} for s > \. Note that H\ = H$ for 
§<*<§• 

Proposition 5.4.1. 1 + V^V^ : H s s +1 -> H s ~ l is invertible for s 6 (—5, s ]. 



Proof. First, we consider s = 0, i.e. V^V/i : ffj — >• i7 . 

/ ((l + VlV J 4)a,a / )= / ((a,a') + (V A a,V A a')) = (a,a') H i < 
Jx Jx 



WhlWWi, 
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i.e. ||(1 + V^Va)o"||-i = 1 1 f So, the operator is injective. It is onto by the Riesz 
representation theorem on Hq. For any r G H^ 1 , there exists a G H 1 , so that 
(rX) = (a,a') H i for all & G H 1 . Then, (1 + V* A V A )<r = r. 

By injectivity for s = 0, it is also injective for s = 1, .., so- We know that, for any 
smooth connection B, the operator 1 + V* b Vb is onto. Let a = B — A, then 

(1 + V B \/ B )a - (1 + V* A V A )<T = [a, V A a] + [V A a, a] + [a, [a, a]]. 

Using multiplication theorem, the right hand side is a compact operator. So, (1 + 
V^Va) is Fredholm with index 0, and so it is onto. 

The result extends to all s G [0, sq] by interpolation. Dualizing the map gives 
(I + V^Va)- 1 : (H 3 S +1 )* -> (F 5 - 1 )*. For a G = (H 3+1 )* = H^' 1 

and (H 3 - 1 )* = H 3+1 = HJ 3+1 and the result follows for s G s ]- □ 

Proposition 5.4.2. T/ie norm o/ (/ + V^Va) -1 : H 3 ' 1 ->• is <c K . 

For the proof, we use an elliptic regularity result in Euclidean space (Ch 2, theorem 
5.1 |LM72| ): Let V C W 1 be a bounded open set, and L an elliptic operator on V. 
m is a non-negative integer. Then, 

(39) ||«||j 3 -m+2(y) < c(\\Lu\\ Hm ( V ) + ||™|| H m + 3/2( a y) + ||u|| m+ l), 

where r denotes restriction of a function to the boundary dV . 

Proof. We work with local trivializations described by lemma 15.2.21 For a section 
a : X — > E, on a chart W a , 

(Aao-)q = Ao- a + [do-a, A*] + dA a ] + [A a , [A 

Assume, o~\d% = 0. Then, for each a, (i] a o~) a vanishes on dV a , using (|39j) . we get 

< c([(J + A)r/VV a ] s _ 2 + [t^]^) 

< c[((I + AA)r ? y 2 o-) Q ] s _ 2 + c K [rfc /2 <T a ] 8 -i. 

1/2 

Since the norms a i— )• ||cr|| s , <r h->- Ylal^a arid o" (->• X^al <T a]s are equivalent, we 

get : if o"|gs = 0, then 

[| cr || s < ck(\\(I + Aa)o-|| s _ 2 + ||o-|| s _i). 

The operator (/ + V a Va) _1 : H' 1 -> Hj has norm 1. By induction, we get the 
result for all non-negative integers s. As in the proof of proposition 15.4, H we get 
the result for all s G (— \, Sq + 1]. □ 

(I+Aa) is a positive self-adjoint operator on L 2 , so it is possible to define negative 
and fractional powers of the operator. We'd like to define a family of spaces J- 3 C H s 
for which theorem 15.4.41 holds. 

Definition 5.4.3. Let s > -f and a G H s . We say, a G J 73 if (/ + A A ) j x\sz = 
for j = 0,... , L§ - \\- For -| < s < |, J" s = fl* We don't define J 73 for the 
borderline cases s = 2fi + i, where /x is an integer. 
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For our applications we'll use J- s only for — \ < s < 2. So far, we know that the 
maps (/ + A a) : J- s — > J-~ s ~ 2 are isomorphisms. We'd like to extend the result to 
fractional powers of (/ + A a)' 

Theorem 5.4.4. Let s,s + 2r € (— |,so] o,nd neither is 2fi + i. Then (I + A) r : 
-ps+2r _^ jrs ^ g a CK -i som0 rphism. r is any real number, not necessarily an integer. 

To prove this theorem, we first need to show that F s are a family of interpolation 
spaces: 

Lemma 5.4.5. Let < 6 < 1. T 29 = [L 2 ,H 2 \q with cx-equivalent norms. 

Proof. We need the following result from [LM72J - " Let H be a Hilbert space, whose 
dual is identified to itself via (•, -)h- Let V C H be a dense subspace, and V' be its 
dual via (•, •)#. (Then, V C H C V' are dense inclusions) Then, [V, V']u2 = H." 

We apply this result with V = H 2 , H = Hq = J 71 , then, I claim V is ck- 
equivalent to L 2 : we know (u, (I + Aa)v) L 2 = (u,v) H i for all u, v € H 2 . 



(u,v) H i (u, (I + A A )v) L 2 

It y/ = SUP -r—r = SUP = \\u\\ L 2 

veHl \\ v \\h$ veHl + A A)v\\ L 2 
and all the equalities mean c^-equivalences. So, we have [H 2 ,L 2 ]i = Hq. 

The result follows because [H^,L 2 ] e = H^ e and [H^H^] = H 2 f e , and by the 
reiteration theorem for interpolation. □ 



For positive self-adjoint operators, fractional powers of the operator are well- 
defined and these behave well on interpolation spaces: 

Lemma 5.4.6. Let A be an unbounded positive self-adjoint operator on the Hilbert 
space X. Then, [X, D(A)]g = D(A e ) with isometry. D(A) = domain of A, with 
norm x \— > + ||Aa;||y-)2. 



This is infact an equivalent way of defining interpolation spaces which is used in 
[LM72] . The isometry result can be found in |YaglO| , theorem 16.1. This result is 
required to show a ck bound on the fractional powers of / + A^. 



Proof of theorem \5.4-4\ It is enough to show - "Let < 9 < 1, then (/ + A^) e : 
T 26 -> L 2 is a Cft--isomorphism." The theorem is obtained by composing this map 
with (/ + A^) m , for some integer m. 

Lets denote the operator (I+Aa) by A. This is a positive self-adjoint operator. By 
lemma \MM A e : [L 2 ,D(A)] e -»• L 2 is well-defined. Let x £ H], using proposition 
15.4.21 ||a:||jj2 and ||a;||£)(A) are c^-equivalent. So, H 2 <— > D(A). By interpolation, 
F s ^ D(A S ' 2 ) for s G [0,2]. 
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Now, we have D(A) D{A e ) ^ L 2 , but we need T 2 T 2e ^ L 2 for 

< 6 < 1. We use the definition 15.1.41 of complex interpolation. Let a G H 2 = T 2 . 
The function z i— >■ A z a is holomorphic from {z G C : < Re(z) < 1} to L 2 . A z is 
well-defined using the spectral theorem. It is easily verified that this function is in 
n(H 2 ,L 2 ), so A 1 "^ G [Hl,L\_ e = T 2d by lemmaEMJ 

It remains to show that the maps A 8 : T 2Q — > L 2 ar isomorphisms. First consider 
\ < s < 2. 

(40) J" 2 — > F s — > L 2 

is an isomorphism, so the second map is onto. Now consider 

T s — ► L 2 — > T s ~ 2 . 

The right map is obtained by dualizing J r2 ~ s — > L 2 . The whole map is an isomor- 
phism, so the left map is injective and hence an isomorphism. In (I40p . the left map 
is also an isomorphism. For < s < |, ker A s l 2 nF C ker A s / 2 n L 2 = {0}. 

Finally, the norm of J- 2S L 2 has c^-bound because of a similar bound on 
A e : D{A e ) -> L 2 . The inverses can be written as A~ e = A^oA 1 ^ 9 and ||A _1 j| < ck 
from lemma [5.4.21 □ 

An important consequence of theorem 15.4.41 is : 

Proposition 5.4.7. (a) There is a complete orthonormal system {<7j}j g / of eig en- 
sections of the operator A^ (orthonormalized in L 2 ), such that A^e^ = Ajej. 
e . G H so+1 . 

(b) For s G (-|,s + 1] and a G T s , c K l \\a\\ s < + A A )^ 2 a\\ H o < c k \\(t\\ s . 

So, + Aa) s / 2 ct\\ h o = (X^er(l + ^i) s (°"i e i)z,2) «s a norm on F s , which 
is ck- equivalent to ||-||g . 

Proof. We know (J + A^) _1 : if -1 — >• #q, and the inclusions .ff" -1 > L 2 and 
//q L 2 are compact, (/ + A^) _1 is a compact self-adjoint positive operator on 
L 2 . So, it has a complete orthonormal system {ej}j g / of eigensections. These are 
eigen-sections for A^ also. By bootstrapping, ei G H so+1 . (jbj) easily follows from 
theorem 15.4.41 □ 

The eigenvalue norm can also be used for time-dependent sections. 

Corollary 5.4.8. Let a G H r ([0, T], J- s ), then it can be written as a = °~i(t) e i> 
<Ti G H r ([0,T\) and 



(41) c K l \\a\\ r , s < (^(1 + Ai)i 



AA 
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Proof. Oi := (a,ei). The operator F S (E) — > R mapping n t— > (1 + Xi) s (rj, ej) is 
bounded. By (134]) . it is a bounded operator between Hl(T s ) — )• as well. So, a% G 
-ff£([0,T]). The norm bound (|4ip is straightforward to prove : by using definition 
15.3. f I when r is a non-negative integer and then applying interpolation and duality. 

□ 



5.4.2. Parabolic equation. Now, we consider the equation 
(42) 



(±+A A )a = f on [0,T]xS 
at 



a = on [0, T] x <9£ 
a(0) = g on S. 

Here a is a time-dependent section of E, that is a : [0,T] x E. = V^V^ is the 
Laplacian given by a connection A G H s ° on P — > X. We use standard methods, 
but get a Cft-bound on the solution. 

Lemma 5.4.9. Let s, s — 2r G (—3/2, 5/2). Given g G J 7 * and / = 0, we can /md a 
unique solution a G H2 +r,s ~ 2r for (|4*2|) . u>ii/i bound \\a\\ i +r s _ 2r . < ca;T _r ||<7|| s . 



Proof. Using proposition 15.4.71 5 can be written as g = Yliei 9i(t) e i- We aim to find 
a = Yliei °~i{t) e i- V-i G I, ^ + Aj<Tj = and crj(0) = <?j. This ODE is solved by 
o-i(t) = gie' x ^. 

For the norm bound, we use the eigen- value norm in corollary 15.4.81 For each 
i G /, we need to show 

(43) ||(1 + A J )- r e-^||^ ([0ir]) <cT-5|(l + A,)| 

which holds using ||e _Al *X[o,r] ||_f/' ([o,T]) < c (^i + T _1 ) r_ 2 and assuming T < 1. □ 

Remark 5.4.10. g 1— > cr is also an operator between H s — > C°(H S ) with norm < c. 
The proof is similar and follows from ||e~ Ai * ||c°([o,T]) — 1- 

Lemma 5.4.11. Let — | < s < i. Given f G H r p ,s and g = 0, (|4~2j) can be solved 
uniquely for a G H T p^ 1,s n Hp S+2 , with bound ||o"||^r+i, iin ^r, s +2 < cj<r||/|| riS . 

Proof. Similar to the proof of lemma l5.4.P4 we write / as / = Yliel fi(t) e i an d s °l ve 
the ODE § + Aicii = £ and ct,(0) = 0. So, a^t) = jJe^N/^jdg, We need, 
for each i £ I, 

(44) MffH-iflcT]) + (1 + Ai)|cTi| jff r([ T ]) < cl/iljyrQo^]). 

First assume r > 0. It is enough to prove the statement for fa G C|P. We prove 
it using the Fourier-transform definition of the norm of H r ([0,T]) (see definition 
I5.3.2p . By this, there exists Fi G C^°(1R) that restricts to fi on [0, T], vanishes for 
t < and ||F||#r( R ) < 2||/||^tqo,t])- Let Si = Fi * e~ Xit X[o,T}- Then Si vanishes for 
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t < and restricts to (Tj on [0, T] and ||(T 2 + T 2 ) r ^ 2 Si\\Hr^^ T < %\\(Ti\\H r ({o,T\)- So, 
we need to prove 

||( T -2 + r 2 ) 1 ^^^)!!^^ + |l + Ai | • ||^(r)|| L2(R) < c\\F t (r)\\ L 2 (R) , 

which follows from observing that S'j(r) = Fi(T)e~ Xit X[o,T] an d e ~ Xit X[o,T] < {T~ 2 + 
r 2 rK e-^% 0jT] < (l + Ai)" 1 . 

We've proved that the operator /j i— > Jq e~ Xi ( f ~ s ^ fi(s)ds is a bounded operator 
from H r p ->• i?p +1 , and i-> (1 + Aj) J Q e~ Xi ^~ s ^ fi(s)ds is bounded between H r p ->• 
-fTp. These operators are self-adjoint under the H p -Hp V pairing. So the statement 
holds for negative r by duality. □ 

Remark 5.4.12. The spaces L 2 (H 2s ) n H S (L 2 ) are very natural to solve the heat 
equation, since the time derivative is order 1 and space derivative is order 2. 

The following result gives solutions of the heat equation in higher regularity 
spaces: 

Theorem 5.4.13. Let s > and s ^ \i + | where fi is an integer. Suppose f £ 
L 2 (H 2s ) n H S (L 2 ) and g € H 2s+1 . Assume that the boundary data are compatible, 
then there is a unique solution a £ L 2 (H 2s+2 ) n H S+1 (L 2 ) of the system $2$ and 

ll cr IU 2 ( J ff 2s + 2 )nfl" s + 1 - < crT~ s ~2 (||/||L2(p2 S ) n p s ,o + ||5||h 2s + 1 )- 

This can be proved by an induction argument identical to the one in [Eva98j, 
lemmas 15.4.91 and 15.4.111 provide the base case. For our applications, we don't need 
a ck bound on the higher regularity solutions. 

5.5. Interchanging order of coordinates. We need to define spaces H r (C°) - 
these can be thought of as spaces of sections with r derivatives in the time co-ordinate 
and continuous in the space co-ordinate. The difficulty here is that C° doesn't have 
a good dual space, so it is not possible to define such spaces for negative r. To 
circumvent this problem, we show that the space H r ' s can be defined with the order 
of co-ordinates r, s reversed, as H S (T,, H r ([0, to], E)). Then H r (C°) can be defined 
as C°(S, H r ([0, t ],E)) and this space has relevant properties like H r ' 1+t ^ H r (C°). 
In this section, the spaces with reversed co-ordinates will be denoted by H ' , but 
this notation won't be used once it is proved equivalent to H r ' s . 

In section 15.2.11 we found that corresponding to a connection A on P satisfying 
||F(^4)|| So _i < K, there is a cover E = U Q W a , U a — V a Q K 2 and a trivialization 
of P over these charts such that : the norm | ■ \ s on H S {E) defined in terms of the 
local trivialization is c^-equivalent to ||-||^ for s € [— sq — 1,sq + 1]. Here, we fix a 
connection A and the corresponding trivialization. We use the charts on £ to define 
a Hilbert-bundle on S. (The connection with the trivialization of P and connection 
A will become clear later.) 
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Definition 5.5.1 (Hilbert bundle on £). A Hilbert bundle ir : % —> £ is a bundle 
on £ with fiber-wise inner product, whose fibres are isomorphic to a Hilbert space 
H. The bundle H is described by the following data: a local trivialization cf) a : 
7r (U a ) V a x H for all a and transition functions g a p : U a HUp — > Aut(H,H) 
where Aut{H, H) is the space of linear isomorphisms from H to H that preserve the 
inner product. 



To define Sobolev completions of C°°(£, "H), we recall some notation from section 
15.2.11 - given a section a : T, — > H, a a := 4> a o a represents a on V a . rj a is a partition 
of unity subordinate to the cover £ = U a Z^ a . 

Definition 5.5.2. For real s > 0, iT s (£,?{) is the completion of C°°(£,%) with 
norm 

( 45 ) := ^I^^I^CV^H) 



The definition of the space H s (£,%) is dependent on the choice of local trivial- 
ization of the bundle %. For 

Definition 5.5.3 (H r J s ). Let E := P xgM™ denote an associated bundle of P. For 
any r, the space il£([0, to], E) is a bundle over £ with fibres Hl([0, to], M m ). Let 
s>0. ff? s :=#*(£, #£([(), t ],#)). 

Proposition 5.5.4. Let s > 0. ^ : fl£([0, to], K m ) -»■ iZ£ -1 ([0,*o],R m ) induces an 
invertible operator : H T p — >■ 7Tp T/ie inverse is induced by J Q on i/ie fibres. 

Proof. On any ^ induces the map 

(46) j t °:r(Z4 JJ HJ([0 > t ],R ,n ))-^r(^,flp- 1 ([0,to],M m )). 

For x £ U a (lUp, g a p{x) € G - this just rotates M m and is independent of i G [0, to], 
We have 

Qapixy 1 — g a/3 (x) = — onUaDUp. 
So, the operators can be patched up to yield 4^ '. 

The operator ()46|) is linear on the fibres with norm < c (see lemma [5. 3. 6p . It is also 
identical on every fibre. So, it induces 

H s (u a ,H r P ([o,t ],M. m )) -> # s (w Q ,ii p -H[oMR m )) 

and hence, 

• Jf' 8 7f*~ 1,s 
- .H P ^H P 

with the same norm. J Q is the inverse of f t fibre -wise, and the result follows for 
s > 0. " □ 
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Proposition 5.5.5. For r > and s £ [0, sq + 1], the identity map 

(47) H r ' s -»• iT' s 

is a ck -isomorphism. For any r and s 6 [0, So + 1], i/ie identity map 

(48) 77^ -> F p ' s 
is a ck -isomorphism. 

Proof. First, we consider the case when r and s are non-negative integers. In the 
proof of proposition 15,2.51 we showed for a € H S (E), 

C~K \\ a \\s ^ \ a \s < IWWs- 

So, it is enough to show that 

(49) H5(Va,Hl([0,to],R m )) ~ FI([0,t ],^ s (V a ,K m )) 

with constants independent of to- These spaces are infact identical when r and s are 
non-negative integers since both are completions of Cqp(V q x [0, to],K m ) under the 
same norm 

- 1/2 

\\+-(r-i) d 1 d 2 
Z> Z> H r ( ^.A O 'lli 2 (VaX[0,ta]) 
/=0 0<|A|<s 

The spaces in (I49j) are equivalent for non-integers r > and s > by interpolation. 



Next, we prove the equivalence of Hp T,s and Hp ' , for non-negative r and < s < 
so + 1 by induction on r. The result is true for < r < 1. We get an isomorphism 
between Hp~ r ' s and i/p by 

r i d 

TT-r,s Jo. r+l,s — , T7~ r +M dt . Tj-^s 

-Hp — > -o p — ?■ H p — > n p 

Here each of the arrows is an isomorphism with constants < ck - we get the middle 
arrow from the induction hypothesis. □ 

Reversing the order of space and time co-ordinates lets us define the space H r (C°) 
for any r. 

Definition 5.5.6. For any r, H r (C°) := C°(X, H r ([0,t ], E)). It is the space of 
continuous sections of H r ([0, to], E). Its norm is given by 

h\\r,C° '■= sup\\a(x)\\ H rQp tto ] jE y 

This space satisfies the following properties: for any r, there is an inclusion 

H r (C°) H r (L 2 ). 

is an invertible operator with inverse J Q between the following spaces 

H r p(C°) A Hp-^C ). 
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There is a multiplication operator, for r% < min(ri,r2, r\ + r 2 — \) 

(50) fl£(C°) ® Pj> 2 (C°) — ► Pp(C°). 
For any r, there is an inclusion 

^ fl£(C°). 
By the definition of H r (C°), it follows that 

Proposition 5.5.7. If \\Fa \\l 2 < K, all the above operators have norms bounded 
by c K . 

6. Composition of functions 

Some of the operators we encounter are non-polynomial - they are just smooth 
maps between sections of bundles. For example, 

Ji :r(£,P(fl))->r(£,P(Endfl)) 

£ _> (F H- (exp UQ 0*dHJxF cxPuQ z) - u* d<S>(J x F Uo )), 
P 2 :r(£,P(g)) ^r(£,P(Endg)) 

£ M- (P h+ (dexpO-^JPcxp^?) - JP« )- 
We are interested in results of the form 

(a) Pj extends to a map from P s n C° to P s . 

(b) Suppose £ is a time-dependent section and let r > |. For any x G £, 
fx (PO* is a map P r ([0,t ], (Pi).) -> H r ([0,t Q ], (E 2 ) x ). 

Locally, the above operators can be modeled by something very similar to a com- 
position of functions operator. It is precisely described as follows. Let U C M. n 
and * : l n X i m 4 R N be such that *(-,0) = 0. The operator P# is given by 
/-►(*-►*(*,/(*))). 

Proposition 6.0.8. Lei s > and m := \s]. If * G (7 fc ; tfien F* : P s (P,M m ) -> 
H S (U,~M. N ) is a continuous map and, 

(51) ll^(/)ll.<c||*||c*ll/l|.(l + ll/ll£- 1 )- 
P is Frechet- differentiate and satisfies 

(52) ||PP*(/)|| < c||*|| cfc+1 (l + \\f\\ s )(l + Il/H^ 1 ). 
c zs independent of VP and /. 

We recall the definition of Freshet-differentiability: A map L : V ^ W between 
Banach spaces is Frechet-differentiable at a point x G if there is a linear bounded 
function <iL x : V ^ W such that lim^ IL^lMz^WM^k = . The following 
are consequences of the above proposition. 
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Corollary 6.0.9. Suppose T : V(Jj,Ei) — > r(S,£ , 2) is a smooth bundle map that 
preserves the zero section, then it extends to a continuous differentiable map between 
the following spaces of time- dependent sections 

(a) T : H r (C°) n L°° -> H r {C°), 

(b) T : H r (L 2 ) n L°° H r (L 2 ), 

(c) J" : L 2 (H S ) n L°° -»■ L 2 (# s ), 

where r, s > 0. TTie bounds on \\J-\\ and \\dJ-\\ same as in proposition \6.0.& . In (a) 
and (b), we get stronger bounds. 

m\\r,C° < M\\rM l + \\Z\\ k L~)i 



ll^(Ollr.C0 < c||-F|| cfc+ i(l + ||£||r,C°)(l + 

vert 

where H-FHg* t '■= Yli=o {C°-norm of i th order vertical derivative of F). Similar 
inequalities hold for H r (L 2 ) spaces also. 



Proof of proposition W.O. <§l We carry out the proof for m = N = 1. It is identical in 
other cases. First we assume s is an integer, so s=k. 

Continuity: We start with showing continuity at / = 0. To bound [|\I/(/)|| s , we 
need to get an L 2 -bound on all terms of the form -j^jF^^f) where / is a multi-index 
with \I\ < m. 

JL^ffYx) = — • + — 
dxi df dxi dxi ' 

So, TprJ^Cv) i s a sum °f terms of the form 

• f$ ■ (£1) • • • (&) » 1^1 + 3< k and \ Ll \ + • • • + |L*| < s. 

• ^p-, where |/| < k. 

To bound this, we work in W k,p spaces. 

dJ+im (d Ll f\ fd LN f 
"dx J dft ' \dx L i J "' \dx L " 



I LP 



< lltflb^ill^-IU* 

(By Holder inequality. Here pi = kp/k, h = \L{ 

< m ck uf =1 \\f\\ lijPi 

< cii*iio*idii/iijK* • ii/n^ i/fe 
<c\\nc4fhjf\\ k L -~- 



d Li f< 
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The second-to-last inequality follows from Gagliardo-Nirenberg inequalities (see prop 
B.1.18, [MSQ4]). The second term |^ vanishes for / = 0. So, we have 

W-MrWWWv <\\-Qj-^r\\L~-\\fh* = c\\f\\ L2 . 

This proves the inequality (|5ip and continuity of J-^ at / = 0. It is continuous at 
any / € H m because the operator Af i-> T\$(f + A/) — F^(f) is continuous at 
A/ = 0. 

DifTerentiability : For any / € -£f fc , we claim that dF^(f)\ x := i- e - 

^(^A/U-^l^/^-A/^). 
This is the Frechet-derivative because: 
*(/ + A/)(x) - ¥(/)(*) - dF*(/)A/| 2 



A/(x) 2 jf (1 - t)^(s, (/ + tAf)(x))dt 



d 2 ^ 
df 

and H/^l - (/ + iA/)(x))^|| i2 < c||^|b 2 . 

To bound ||dF$(/)||, 

■ A/|| m < \\Af\\ m (\\^j(f) ~ jj(0)\\ m + \\jj(0)\\ 

< c ||*|| cm+ i(i + ||/IU)(i + H/ll^^llA/iu. 

The proof extends to the case when s is not an integer from the following equiv- 
alent norm on W s ' p (R n ): let s = k + a, k is an integer and < a < 1: 

jm" jm" f — yi ^ 



p ~ ii f hp 



(remark 4 in pl89 [Tri95| ) 

□ 



Appendix A. Implicit function theorem 

The following statement of the implicit function theorem is a part of proposition 
A.3.4 in [MS04| . 

Theorem A. 0.10. Let F : X — > Y be a differentiable map between Banach spaces. 
DF(0) is surjective and has a right inverse Q, with \\Q\\ < c. For all x € B$, 
\\DF(x) - DF(0)\\ < i. If ||F(0)|| < j- c , then F(x) = has a unique solution in 
B s - 

The next theorem is a slight variation. A complete proof is given for this. 
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Theorem A. 0.11. Let F = F\ + F 2 : X — > Y be a differentiable map between 
Banach spaces. F\ is a linear invertible map with \\F^ 1 \\ < c. In a convex set 
SCX, \\DF 2 {x)\\ < ±. Then, 

(a) F is injective on S. 

(b) In addition if B§ C 5 and ||.F 2 (0)|| < S/4c, then F(x) = has a unique 
solution on Bs- 

Proof. For any x\, x% G S, we have 

ll-Fite) - Fi(*i)ll = ||Fi(x 2 - > -\\xi - soil 

c 

||F2(^2) - ^2(^1)11 < -||x 2 -xi||. 

=> ||F(x 2 ) -F(xi)|| > i||x 2 - Xl ||. 

zc 

which proves (jaj). 

Let V : X -> X be given by x ^ Ff x (F(x) - F(0)). Then \\dtp(x) - Id|| < ± 
for x G 5. The theorem follows from lemma lA. 0.121 - ||F 1 _1 F(0)|| < ^, so tp( x ) = 
—F^ 1 F(0) has a solution in B$. This is a solution of F(x) = 0. □ 



The following is a part of lemma A. 3. 2 in [MS04J 

Lemma A. 0.12. Let tp : X — > X be a differentiable function between Banach spaces 
satisfying ip(0) = and for all x G B$, \\dip(x) — Id|| < 5. Then ip is injective on 
B 5 and B 5/2 C ^(B 5 ) C .635/2. 

Proo/. Let = Id-^. Then in B s , \\d<f>(x)\\ < \. So, 

||0(»i) - 0(ar 2 )|| < -||aci - x 2 ||. 

Hence, 

1 3 
(53) -||xi - x 2 || < ~ 4>(x 2 )\\ < ^ H^i ~ x 2||- 

By the second inequality, ip is injective in Bs and ip(Bg) C B 3S / 2 . To show .6,5/2 ^ 
ip(Bg), pick y G 5,5/2- By the first inequality in ([53]) . the map x h-> 0(x) + y is a 
contraction map from i?2||(/|| to -B 2 || y ||- So, it has a fixed point xq and ip(xo) = y. □ 
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